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PREFACE. 



Before a student can successfully attempt the perusal of 
works on Physical Science, he will find it expedient to have 
some acquaintance with the principles of Trigonometry. For a 
student deficient in this knowledge, the following Treatise was 
written ; and its ohject is to teach so much of Trigonometry as 
may be necessary for his purpose, and no more. 

Keeping this object in view, no fantastic combinations of 
chords, or secants, or versed sines, have been allowed to perplex 
the reader, or to withdraw him from the study of propositions 
which are all important. No theorem has been introduced which 
is not either of itself eminently useful, or upon which Important 
reasonings may not be founded. 

The very copious Table of Contents exhibits a plan of the 
work ; and it may be profitably used as a general Syllabus of 
Trigonometry. 

The Introduction, and the first four Chapters, contain the 
principles of the science ; and every theorem in them must be 
carefully impressed upon the memory of the student, before he 
directs his attention to higher subjects. 

The propositions in the fifth Chapter are curious, and deserving 
of attention, particularly that in which the area of the circle is 
identified with that of a polygon of an infinite number of sides. 

The theorems demonstrated in the last Chapter are so impor- 
tant in the applications of Analysis to Physics, that a Treatise 
upon Trigonometry would be considered incomplete without 
them. But no theorem has been introduced, the proof of which 
demands more than a tolerably good acquaintance with the first 
part of Algebra, and the Binomial Theorem ; and it is confidently 
hoped that what has been written will be easily understood by 
the careful reader. 
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PREFACE TO THE SECOND EDITION. 



In this Edition, some new matter has been added to the Plane 
Trigonometry, and some questions have been proposed, which are 
placed at the end of each Chapter. There will also be found a 
Treatise on Spherical Trigonometry, with a Chapter containing 
various propositions respecting the regular polyhedrons and poly- 
hedrons in general. 

The Chapters which contain the formulas for the solution of 
right and oblique-angled spherical triangles, are the most impor- 
tant ; and when the reader is familiarized with them, he may 
without difficulty understand the calculations of Practical Astro- 
nomy, a science to which the latter part of this work is almost 
wholly subservient. 



PREFACE TO THE THIRD EDITION. 



In the present Edition, the greater part of the early Chapters 
has been rewritten ; and the definitions of the Sine and Cosine, as 
being ratios, have been adopted. There is also another proof for 
the Sine and Cosine of A ±:Bf and many problems and examples 
arc added to those given in the Second Edition. 



King's College, London, 
December 1842. 



TABLE OF CONTENTS. 



PLANE TRIGONOMETRY. 



PAGE 

INTRODUCTION 1 

I. Arcs the measures of angles 2 

II. Division of the circle 3 

TIT. The arc = radius X angle 4 



IV. Rules for converting French degrees into English, | 
and English into French ^ 



sine, cotangent, cosecant 



) 



6 



V. Examples 7 



CHAPTER I. 

I. Definitions of complement and supplement .... 9 
II, Definitions of sine, cosine, tangent, secant, versed 



11 



III. Sine of an arc = cosine of the complement . . . 

Cosine of an arc = sine of the complement . > • )- 12 
Sine ( — y^) = — sin. y^; cos. ( — A)^=^cos.A . . 



VI TABLE OF CONTENTS. 

IV. Sine of an arc = sine of the supplement . . . . \ 

Cosine of an arc = — cosine of the supplement • . V 13 
Sin,(7r + A) = — sin.-^; cos.(ir + y^) = — cos./i/ .J 

V. Sin.(27r — ^) =— sin.-4 ; cos,(27r — y^) = cos.^ . 14 

VI. Proof of the elementary formulas 15 

(1.) Sin. A = 1/1- cos. ^.^ ; 
(2.) Cos. A = Vl-sin.^^ ; 

r V r« .. sin. A 

(3.) Tan. ^ = j; 

^ ^ cos. A 

(4.) Sec. A = — ^ = V'l+tan.^^ ; 

COS. /z 
/ X ^ . COS. y/ 1 

(5.) Cot. A = -. — J = . ^j ; 

^ -^ sm. A tan. /f 

(6.) Cosec. A = ^ — :i = X^l+cot^A ; 
^ ^ sm. ^ 

(7.) V.8in.-^= 1 — cos.-/^. 

VII. To trace the values of the sine and cosine while the) 
angle increases from to 2?r ^ 

VIII. The values of the tangent and secant traced through! 
the four quadrants ^ 

IX. The chord of an arc = twice the radius x sine of) 
I the angle suhtended by the arc ^ 



X. Numerical values of the sine, cosine, tangent, and 
secant of 30°, 45% 60°, and 120° 



I 20 



XI. Sines and cosines of angles greater than 2 TT ... 22 



TABLE OF CONTENTS. 



Vll 



XII. Definitions of the sine and cosine, as functions of an ) 



arc 



XIII. Examples 



PAGE 

23 
25 



CHAPTER 11. 



I. Proof of the formulas for the sine and cosine of the| 
sum and difference of two angles ^ 

(1.) Sin. {A:t.B) ^= sin. A . cos. J^ ± sin. -6 . cos.-^) 
(2.) Cos,{A:t.B) = cos. A • cos. B + sin. A . sin. B ^ 



II. (1.) Sin. 2 y^ = 2 sin. y^ . COS. -^ 

(2.) Cos.2y^ = 2cos.^^— 1 =1 — 2sin.*^ . . 



III. Sin.-^ = 2sin.-^ . cos.— 



IV. 



2 



A A 

Cos. A = 2 COS.* ^—1 = 1 — 2 sin.* ^ 



Tan.^ 



=1/ 



1 — COS.^ 

1 + cos.^ 



Sin. (^+5) + sin. (^-jB) 
Sin. (^+5) — sin. (^-^) 
Co8.{A'\'B) + cos.(y^- B) 
Cos.{A'-B) — cos.(^ +B) 



2 sin. A . cos.B . 
2sin.j& . cos.^. 
2 cos.^ . COS.jS • 
2sm.^ . sin.j? . 



V. Sm. A + sm. ^ = 2 sm. — - — . cos, — r — 

A+B 



Sin. ^ — sin. 5 = 2 sin. — - — . cos. 



A-hB 
Cos. A + cos.jB = 2 COS. — - — . cos. 



2 
A^B 



Cos.jd — cos.^ = 2 sm. — - — , sm. — 7: — 



... 



. . . 



) 






27 



28 



ib. 



29 



29 



30 



/ 



Mil TABLE OF CONTENTS. 



^rw TT sin. ^ + sin. 5 A+B \ 

VI. Hence, -j- 5 = tan. — - — .... 

COS. A + COS. B 2 

sin. A — sin. B A — B 

cos,A + cos.jS '2 

A+B 
sin. A + sin. B * 2 



PAGE 



31 



sin. y^ — sin.B A — B 

tan. — - — 



VII. Sin.(^+5) X sin.(^-J5) == sin.^^ - sin.^i? . .| 
Co8.(-^+jB') X cos.C-^^— -6) =cos.^y^ — sin.^Z? . .J 



C08.(^ + 5) X C08.(^— ^) 

Vlir. Sin.3a = 3sin.a — 48in.*a 

Cos. 3a = 4 COS.' a — 3cos.a , 



IX. Sin.4a = cos.a(4sin.fl — Ssin.'a) 
Cos.4a 8= 8co8.*a — 8cos.*a + 1 



1 
1 



X. To find the sine and cosine of an angle in terms of) 
the sine and cosine of twice the angle . . . . ^ 

XI. To find the tangent of the sum and difference of two 
angles, in terms of the tangents of the simple angles, 



i.e. tan. I 



tan./^ di tan. 5 



- . -^ tan. /J :+: tan.^ i 

^^ — ^^ — I ± tan.^ . tan./? • • • •) 



32 



33 



34 



35 



XII. (l.)Ta„.2^=.^^^^ . ^ ^.^ 

(2.) Tan.(45+5) — tan.(45— 5) = 2tan.2^ . . 

XIII. Formula for the tangent and sine of -^ + -6 + C . . 3(> 

XIV. To find the sine and cosine of 18", 36°, and IT . . 39 
XV. Examples 40 



TABLE OF CONTENTS. IX 



) 



42 



CHAPTER III. 

PAGE 

I. From sin. a, the values of the cosine, tangent, &c. 
and also sin. 2 a, sin. 3 a, sin. 4 a, &c, may be found 

II. Values of sin. 1' and cos; 1' found .... .. 43 

III. If a be ^ -,ai3 ^ tan. a, but *7 sin. a . . . *^' 

IV. Limit of the error committed by making the sin. 1') a a 

= the arc 1' . . . ^ 

V. To find the sine and cosine of 2', 3', 4', &c. and) 

1 M 



r, 2°, 3°, &c j 



ih. 



VI. To find the sine and cosine of angles composed of) ak 
degrees and minutes ) 

VII. After computing the sines of angles as far as 60°, and \ 

the tangents of angles as far as 45°, the remaining \ *^' 
sines and tangents may be found by addition . . 






VIII. Use of the logarithmic sines, tangents, &c. ... 46 

IX. Formulas of verification 

Sin.^ 4- sin. (36 - /^) + sin. (72 -|-/^)=:sin.(36 + /^) 
+ 8in.(72-^) }> 47 

Cos. A + cos. (72 + ^) +■ cos. (72 — /^) = cos. (36 + A) 
+ COS. (36 — y^) 



CHAPTER IV. 

I. The solution of triangles illustrated by geometrical | 
constructions 



I 49 



X TABLE OF CONTENTS. 



II. The sines of the angles vary as the sides which | 
subtend them ) 



PAGE 



51 



III. To find the cosine of the angle of a triangle in terms \ 

of the sides J ^^ 

lY. To find the sine of the angle of a triangle ... 53 

y. To find the area of a triangle 54 

VI. If ^ and B be two angles of a triangle, and a and h 
two sides opposite to the angles^ 

A-^B 



, , tan. ^ 



> 



ib. 



tan. — - — 

A A A 

VII. To find sin. -^ , cos. -^ , and tan, - in terms of the 

sides 

VIII. Solution of right-angled triangles, C the right angle' 
(1.) Given c and A^ find B, a^ b 



} 



55 



(2.) Given A and a, find By b, c 

(3.) Given ^ and &, find J?, a, c . ..... '^'^' 

(4.) Given a and 6. find A^ By c 

(5.) Given c and a, find b, A, B ^ 



IX. Solution of oblique-angled triangles 

(1.) Given a, b, c, find A, B, C . 
(2.) Given a, A, By find C, b, c , 
(3.) Given a, b, A, find B, C, c , 
(4.) Given a, b, C, find A, B, c . 



X. Explanation of the ambiguous case (3) . . . 
XI. Adaptation of t/a^ + 6^ — 2a 6 cos. C to logari* 
XII. Examples and Problems 



TABLE OF CONTENTS. XI 

CHAPTER V. 

PAO£ 

I. Th# area of a quadrilateral inscribed in a circle, ^ 

82 



) 



found in terms of the sides 

the inscribed circle j 

III. The area of a triangle found in terms of the radius \ 



II. The area of a triangle found in terms of the radius of , 



of the circumscribed circle 



f 85 



IV. Find the area of an equilateral polygon of («) sides 'i 
inscribed in a circle i 

V. Find the area of a similar polygon described about a 1 
given circle . -^ 

VI. Find the area of the same polygon in terms of its side 88 



VII. The area of the circle compared with that of the ) 
inscribed polygon * 



CHAPTER VI. 



I. Theorem of De Moivre, that \ 

(cos.a+ V — 1 ,sin.a)'"=cos.wia H- V'— l.sin.ma) 



89 



VIII. Examples . . , 90 



92 



II. Sine, cosine, and tangent o£ ma 94 

1 ^ 1 

- , 2cos.7»a = a;"* A 

a5 a?* 



III. If 2cos.a = a; + - , 2cos.7»a = a;"* H — ^ . . 



and 2 V--1 sin. ma^ x"" 



■ '' 



a?"» 



IV. Find cos."^ in terms of cosines of the multiple angle , 96 



Xll TABLE OF CONTENTS. 

PAGE 

V. Find sin."-^^ in terms of the sines or cosines of the) 
multiple angle 



I 98 



VI. Find the tangent of the sum of any angles in tern^ of . 
the tangents of the simple angles 

VII. Series for the sine and cosine in terms of the angle . 



} 



dr* X 



5 



or to prove that sin. a; = a; — ^r—z 4- n o a (^ — &c. I 



X^ X* 



03 



VIII. If X be small, prove that 

1 , y 104 



[ 10 

• COSttC , m m • J 



log. sin. a; = log. a? + « ^^S 

o 

IX. Show that cos.a; ±1/ — 1 sin. a; = c*'n/"' .... ib. 

X. Expression for cos.nA in terms of the powers of cos. A 105 

XI. Sum of a series of the sines of angles which are in 1 
arithmetical progression . 

X. Sum of the cosines of the same angles 109 



• • 



TABLE OF CONTENTS. Xlll 



SPHERICAL TRIGONOMETRY. 



CHAPTER I. 



PAGE 



I. Definition of a sphere i 113 

11. Every section of a sphere made by a plane is a circle . 114 

III. In any spherical triangle, any side is less than the sum^ 

of the other two ) 

IV. The polar triangle 117 

v. The complemental triangle 119 



CHAPTER II. 

I. To find the cosine of the angle of a spherical triangle ) 
in terms of the cosines and sines of the sides 



^ [ 121 



II. To find the cosine of the side 122 

III. To find the sine of the angle 123 

IV. The sines of the angles are proportional to the sines of) 

the opposite sides 

V. To find the sine of the side ib, 

VI. Napier's Analogies 126 



XIV TABLE OF CONTENTS. 



CHAPTER III. 

PAGE 

I. Napier's Rules for the circular parts 130 

II. Explanation of the ambiguous cases 133 

III. Examples 134 

IV. Oblique-angled spherical triangles. 

(1.) Given a, 5, c, find -^, 5, C 136 

(2.) Given A, B, C, find a, b, c 137 

(3.) Given a, 6, C, find c^ A, B ih. 

(4.) Given -^, 5, c, find C, a, ft 139 

(5.) Given a, 6, -^^, find c, 5, C 140 

(6.) Given ^, J?, a, find C, 6, c 141 



CHAPTER IV. 

I. Area of the lune 144 

II. Area of spherical triangle in terms of its angles . . 145 

III. Area of spherical polygon 146 

IV. Formula for spherical excess, in terms of a, 5, and C . 147 
V. Area in terms of the sides 148 

VI. Lhuillier's formula for the area 150 

VII. Given two sides, and the angle included by them,) 

1 u 1 



find the angle between the chords 






TABLE OF CONTENTS. XV 



rAGK 



VIII. Redaction of the oblique to the horizontal angle . . 1 52 

IXf Solution of spherical triangles, the sides of which are 

154 



very smaU, compared ¥rith the radius of the s 



phere j 



CHAPTER V. 

I. To find the number of regular and equal polygons 

which can be described upon the surface of a ^ 157 
sphere, so as exactly to coyer it 

II. The regular solids 159 

III. In any polyhedron the number of solid angles, toge- "v 

ther with the number of plane faces, exceeds by two l 160 
the number of edges • . j 

ly. Find the inclination of two adjacent faces of a regular | 
polyhedron to each other J 

V. The solid contents of the regular polyhedrons . . . 163 

VI. Solidity of the parallelopipedon 165 

VII. The diagonal of the parallelopipedon 166 



TRIGONOMETRY. 



INTRODUCTION. 

1. Trigonometry is the science which treats of the 
relations that exist between the sides and angles of the 
triangle. 

A 




2. The necessity of having methods by which this 
relation may be found, may be seen in the following 
proposition. 

Required the area of the triangle ABC, when the 
base jBC, the side AB, and the L ABC oxe known. 

By Euclid we learn that the area of a triangle is half 
the area of the rectangle upon the same base and 
of the same altitude ; if, therefore, AD he drawn 
perpendicular to the base, the area of the triangle is 
J J5C X AD. 



2 
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Now, the magnitude of AD depends both upon the 
length of A By and the inclination of AB to J?C; AD 
must therefore be folftnd in terms oiAB and the Z. 
ABCy before the area of the triangle can be ascer- 
tained. 

We shall hereafter see in what mann^ AD \^ con- 
nected with AB and the angle ABC, 



Fig. 2. 




3. The arcs of the circle afibrd a means of connecting 
angular space with lines. 

Let ABC be an angle; make BC = BA; with 
centre By and radius BA, describe a circle. Produce 
AB to jB, and draw DBF Al to ABE. The circle 
will be divided into four equal parts, called quadrants, 
and the angles, ABD, DBF, EBF, ABF, are right 
angles. 

Now by Euclid, Book VI. Prop. 33. 

L ABC : L ABD :: arc^C : arc^D; 
.-. L ABC : 4 Z ABD :: arc^C : 4 x arc AD. 

But 4 X Z. ABD is 4 right angles, which is a constant 
quantity, and 4 x axe AD is the whole circumference, 
which, for the same circle, is constant. 
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Hence, L ABC (x. dixc AC, ov the arc is the measure 

of the angle. 

\. 

4. We must now seek for some method, by which an 
angle and an arc may be expressed numerically. 

In general, a right angle is divided into 90 equal 
parts, called degrees ; each of these degrees into 60 
parts, called minutes ; each minute into 60 parts, called 
seconds ; each second into 60 parts, called thirds, and 
so on ; and these are denoted by ° ' '', &c. Thus, 
27 degrees, 35 minutes, 10 seconds, is written 27° 35' 
10". 

5. The quadrant AD, which subtends the right angle 
ABD, is also called an arc of 90 degrees, for the quad- 
rant may be divided into 90 equal parts, each of which 
will subtend a degree the ninetieth part of the angle 
ABD, So also we talk of any other arc as being an 
arc of so many degrees. 

6. The ratio of the circumference of a circle to its 
diameter is a constant ratio, very nearly equal to the 
number 3.14159265; this number is usually expressed 
by the Greek letter tt ; and thus, if C be the circum- 
ference, and r be the radius of a circle, 

—- = TT ; .-. C = 27rr. 

Hence, the length of a semicircle is irr, and of a quad- 

^ irr 
rant -rr . 
2 

7. We have now another method of expressing the 
value of an angle. 

Let an ai:c a subtend an angle of A°. 

Then, '.• ~ subtends 90° ; 

At 

b2 
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2a 
••90° ^ irr' 

^o 180° a 

TT T 

or the number of degrees in any angle is found by mul- 
tiplying the fraction ^-^ by the constant multiplier 

180^ 

""•^""^ • 

IT 

8. This expression may again be modified; for let 
m° represent the degrees in an angle subtended by an 
arc equal to the radius ; 

„ 180^ r 180° ^^„ ^.^o 
.•. 7w° = . - = = 67°.29578 ; 

TT r TT 



.\ ^° = «w° (^^ . 



9. It is usual in the higher mathematics to express 

an ans^le by the fraction - or — -.; whenever this is 
° -^ r Tad 

the case, it must be remembered, that - is only a part 
of m'' ; or, that m° is the unit of angular measure of 
which f-j is the multiple or part. It may also be 

observed, that the fraction - is called the circular 

* • ' J* 

measure of the angle. 

Corollary. Hence, if the arc be a quadrant, or 

TTT a TT TT , 1 ^ .t • 1 

a=-2r; ~ = :7*or;r is equal to the circular measure 
2 r 2' 2 ^ 

of a quadrant ; or we may express a right angle by the 
number 3 , and, .*. two right angles by w. 
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Example 1. The radius of a circle being 100 feet, 
find the length of an arc of 30°. 

3a. = 180! a. .,„== §1^ = 52.339. 

IT 100 o 

Example 2, The circular magnitude of an angle is 

2 

-z ; find the degrees in it. 

^° = ? m** = -^(57°. 29578) = 22°.918312. 

10. We may now obtain some useful results for the 
angles of equilateral and equiangular polygons. 

Prop. Find the interior angle of a regular polygon 
of {n) sides. 

Let J be the common angle ; .*. w-^^ = sum of all 
the angles. 

Hence, by Euclid, Prop. 32, Cor. 1. 

nA = 2/1 . ^ — 4 . ^ = (// — 2) TT. 

. 7?. - 2 27r 

.•. A = IT = TT ; 

n n 

or, expressed in degrees, 

^=180"- — . 

n 

Example. Find the interior angle of a regular 
decagon. 

Here 71 = 10; .-. ^ = 180° - 36° = 144°. 

27r 
CoR. The expression for the angle -4, ^ = tt , 

shows that as the number of the sides increases, or as 

27r 
the fraction — decreases, the angle increases ; but the 

n 
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angle has a limit which it cannot exceed, for so long as 

the fraction — exists, the angle must be less than tt. 

n 

11. The division of the right angle into 90 parts, and 
each of these into 60 parts, and so on, was universally 
adopted up to the end of the last century; when it 
was proposed by the French geometricians to divide 
the right angle into 100 parts, called grades, each grade 
into 100 parts, for minutes, and so on ; by which means, 
the minutes, seconds, &c. being decimal fractions, of 
which the integer is the grade, all the operations of 
multiplication and division, &c. are at once performed, 
without further reduction. 

The reduction of French grades to English degrees, 
or the converse, may be effected in a simple manner. 

TT TT TT 

For if ^ represent a right angle, r^ and ^^ will 

' express the magnitude of an English and French degree 
respectively. 

Let E and F be the number of English and French 
degrees in the same angle ; then, since the whole angle 
= magnitude of one degree x number of degrees in 
the angle, 

Angle=i^x j|g = alsoi^^. 

9 ""10' •• ^"" 10 ""^ 10' 

Whence this rule; — to convert French degrees into 
English, remove the decimal place one to the left, and 
subtract the new decimal from the original one ; the 
integer part of the remainder will give the number of 
English degrees, and the decimal part the minutes, 
seconds, &c. 
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Example. Find the number of English degrees in 
37° 5' 28" French. 

37° 6' 28" = 37.0528 =F 

3.70528 = ^ 

^ 11/ 



33.34752 
60 

20.85120 
60 



51.07:^00 Answer, 33° 20' 51" .072. 

Again, since J, = -rrr , we have i* = — g— = A + g » 

a formula by which English degrees are converted into 
French. 

Rule. Having reduced the minutes and seconds to 
the decimal of a degree, add ^th part of the whole, and 
the sum will give the French degrees, minutes, &c. 

Find the French degrees in 33° 20' 51" .072 English. 

6)3 51.072 bs 
6^ 020.8512 
33.34752 = E 

3.70528 = ^ 



37.05280 Answer, ST 6' 28". 



QUESTIONS. 



Ex. 1. Express 90° 8' 7" French in the English 
scale. 

Ex. 2. Express 8 1^4' 21 ".468 English in the French 
scale. *• 



# 
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Ex. 3. If F' and F'\ E' and E'\ represent the mag- 
nitude of a French and English minute and second 
respectively, show that, 

F^ _ 3^ F^ _ 3^ 
jB'"" 2.5«' E'''^ 2.5'* 

Ex. 4. Compare the interior angles of a regular 
octagon and dodecagon. 

Ex. 5. The earth being supposed a sphere, of which 
the diameter is 7980 miles, find the length of an arc 
of 1^ 

Ex. 6. Find the diameter of a globe, when an arc 
of 25** of the meridian measures four feet, 

Ex. 7. Find the number of degrees in a circular arc, 
of which the radius is 25 feet, the arc being 30 feet long. 

Ex. 8. Find the number of degrees in an angle, of 
which the circular measure is ,7864 ; the value of tt 
being 3.1416. 

Ex. 9. The interior angles of a rectilinear figure are 
in arithmetic progression ; the least angle is 120^, and 
the common difference 5**. Required the number of 
sides. 

Ex. 10. The angles in one regular polygon are twice 
as many as in another polygon ; and an angle of the 
former : an angle of the latter as 3 : 2. Find the 
number of sides in each. 

Ex. 11. One regular polygon has two sides more than 
another, and each of its angles exceeds each angle of 
the other polygon by 16°. .£ind the number of sides in 
each. 

Ex. 12. The angles of^a quadrilateral are in an 
increasing geometrical progression, and the difference 
between the third angle and a fourth part of the first 
angle is 90®. Find all the angles. 
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CHAPTER I. V 



EXPLANATION OF TERMS. TRIGONOMETRICAL RATIOS. 

12. If a be any angle, then ^ — -4 or 90°— A is called 

the complement of A^ and ir — A ox 180*— A is called 
the supplement of A. 

Thus, 30° is the complement of 60°, and 45® the 
supplement of 135°. Observe, that A must always be 
suhir acted from 90° or 180°, whatever be the magnitude 
of A; thus, the complement of 120° is — 30°, since 
90° — 120° = - 30°, and the supplement of 215° is 
- 35°, since 180° - 215° = - 35°. 

Also the complement off A — ^) = tt — -^ 

(TT \ TT 

13. An angle of 215° has just been mentioned. To 
understand this we must extend our idea of the magni- 
tude of an angle beyond what has been taught us in 
ordinary geometry ; for there no angle can exceed tt, or 
two right angles. 




To do so, conceive a line OP to revolve round th*» 
point O, beginning from OA ; and let the Z A OP - 
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produce PO to P2> and through draw P\OP^ per- 
pendicular to PO. Then, when OP has revolved 

through the Z. POP^ an additional ^ has been added 

IT 

to -^, or an angle ^ -H -^ has been described. Next, let 

IT 

the revolving line come to OP2; then another 5 has 

been described, or the whole angle described is tt + ^. 
Let OP continue its revolution till it comes to OPs, 

and then another ^ must be added, or the whole angle 

described = — + ^ ; and when OP describes another 

right angle, the whole angle will become Stt + -4, and 
the revolving line will again coincide with OP, It OP 
continue to revolve, then, since in every complete revo- 
lution OP describes four right angles, 2w must be added 
to the former angle for every complete revolution ; and 
thus, if there be 71 revolutions, the whole angle described 
will he 2mr + A, 

14. We must now remark that the signs + and — , 
which in arithmetic indicate addition or subtraction, are 
used in geometry to point out opposition in direction : 
thus, if a line drawn from a given point, as O, towards 
the right hand, or to A, be called a, an equal line drawn 
from towards B would be called — a. So also, if the 
LAOP^ LAOPz, and AOP^ A, ihenAOPf,^ 
'" A, iox L AOP may be described by OP revolving 
from OA upwards, and L AOPz by OP 'revolving 
from OA downwards; and thus, also, if lines drawn 
from P and Pi, perpendicular to AOB^ be reckoned 
positive, lines similarly drawn from P2 and Pz are 
reckoned negative, since their direction is opposed to 
that of the lines drawn from P and Pi. 
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We now proceed to define the trigonometrical ratios. 

15. Let A OB be any angle ^, in OB take any point 
P, draw FN MOB\ then, 



PN. 



OP 



is called the sine of A, and is written sin. A. 



ON. 



OP 



is called the cosine of A, and is written cos. A. 



PN. 



Tj-^is called the tangent of ^, and is written tan. A. 



.</ 




y 



A 



N 



Hence, considering ONP to be any right-angled 
triangle, and A the angle at the base, 

. altitude . base 

sm. //=-; ; COS. ^ = 



hypothenuse ' ^^"^ ^* hypothenuse ' 

altitude 



tan. A = 



base 



These are the chief trigonometrical ratios ; but there 
are others, which are sometimes made use of, but 
which may be shown to be dependent upon the sine and 
cosine ; thus, 

^y^ is the secant of A^ or sec. A ; p-rv the cosecant 

ON 

of Ay or cosec. A \ and p-rv the cotangent of Ay or 
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. cot. A ; also 1 — cos. A is called the versed sine of A, 
or V. sin. A. 



16. Since /L OPN ^^ ^A; .\ L OPN is the 
complement of A. 

ON 
And sin. OPN = -fyp = ^^s. A, 

PN 
cos. OPN = jyp = sin. A. 

. . sin. f^ — A J = cos. -^ ; 

and cos. f^ — Aj = sin. ^ ; 

or, the sine of an angle is equal to the cosine of its 
complement^ and the cosine of an angle is equal to the 
sine of its complement. 

17. To prove sin.(— ^) = — sin.A; and cos. { — A) 
= cos. A, 




Make /, AOPi^ AAOP; .'.LAOPi = ^Ai 
produce PN to meet OPi in P, ; .'. OPi^ OP, and 
PiN ^ -PN. 

NPt — NP 

Now, sin. ( — A)=: -^p- = — ^^ = — sin. A. 
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ON ON 
OP 



COS. ( - ^) = -qY = 



18. To prove that sin. {ir ^ A) 

and COS. (n ^ A) 



= COS. A, 

' sin. A ; 
= — COS. A, 




Make Z.PiOJS = ^; .'. /L AOP^ =^ tt-- A ; make 
OPi = OP, draw PiiV^, _r OB. 

. , ^ P,Ni PN . . 
.\ sin. (tt — vf ) = -TTp- = YTp = sin. A. 

, .. ONi ^ON . 

cos. {tt^A)— ^p- = — ^ = — COS. ^; 

or^ the sine of an angle is tsqual to the sine of its 
supplement^ and the cosine of an angle is equal to the 
cosine of its supplement, but with a negative sign 
prefixed. 

Hence, \' -- ^ A is the supplement of- + A ; 
.-. sin. ^- + ^^ = sin. ^| — A^ = cos. A . . . (16,) 

COS. ^g + A J = — COS. ^^ — A J = — sin.^. . . (16.) 

Also, since — ^ is the supplement of tt + ^ ; 

.•. sin. (tt + -^) = sin. (— ^ = — sin.^ . . . (17.) 
and, COS. (tt -H -^ = — cos. (— ^) = — cos.^. . |(17.) 

19. To prove that sin. (^tt — ^) = — sin. ^, and 
COS. (Stt — -^ = cos. A. 



1 1 
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If (see fig. to art. 17) we conceive the angle A OP 
constantly to increase till OP coincide with OPi, then 
the angle described by the revolving line since it left 
OA will heZw — A; 



.\ sin. (^TT —■ A) = -yr^- = 



PiN --JPN 
OP 



= — sin. -^. 



ON ON 



COS. (Stt —A) = yyp = jYp = COS. A. 

20. And finally, since, after each complete revolution 
of OPf it again comes to its original position, and .*. 
ON and NP are in the same direction, and of the same 
magnitude ; 

.". sin. {2mr + A) =: sin. A ; 
and COS. {2mr -h A) =^ cos. A. 

21. Th^ sine of an /LA being given, the cosine, 
tangent, secant, &c. may be found. 




(1.) Make OP ^ a\ then, since 

PN . ON 

jyp = sin. Ay and. -^yu ~ ^^^* ^ » 

.'. PiV= asin.^; 0^=acos.-^; 

.-. PN^ + ON"" = a« = a« (sin.«^ + cos. 2^) ; 

.•. sin.*^ + cos.*-^ = 1 ; 

•. COS. -4 = V\ •— sin.*-^, and sin.^ = V\ — cos.*^. 
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(2.) Tan. ^ = '^, = ^^ = '^ . - ^' ' 

ON a COS. A cos, A 



r.\' 



Ci^o 



(3.) Sec.^=-^=— % = -L. -. ^'7- J... 

Oiv a COS. 9 COS. -^ "" .. -"=^y ./ '■ 

(4.) Cot. J = %^= ^ = ^4^; ^> 

^ PiV asin.fl sin.O' . 

/. from (2) cot. A = :i . 

(5.) CoSeC.^ = -i7T^= : > = -: 1* 

^ ' FN asm, A s\i\,A 

(6.) Also, 

^ 9 ^ _ 0^ _ Q-?^' + PN"" _ PN' ,^ 

and, 7)-Tn^= tan.^; .". sec.^ = v 1 -f tan.*yf ; 

OP* OiV^ 

and, (cosec.^* = p-rr^ = 1 + irATa = 1 + cot.^A ; 

.*. cosec.^ = V^l + coL^A. 
(7.) And, V. sin.^ = 1 — cos.^. 
Hence, collecting the results, 

Sin.^ = V^l — cos.^^. 

Cos.^ = Vl — sin.^y^. 
sin. ^ 



Tan.^ = 



cos. A ' 



Sec. A = ^ = |/l 4- tan.^y^. 

^ ^ . cos.^ 1 



sin. A tan. yf ' 

Cosec.^ = -z = Vl + cot.^^. 

sin. A 

V. sin. ^ = 1 — cos. A. 
Which expressions must be carefully remembered. 
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22. To trace the values of the sine and cosine, while 
the angle increases from to Stt. 




Through a 'point draw AOB^ COE, at right 
angles to each other ; these lines will divide the angles 
round the point into 4 right angles, AOC^ CO By 
BOEy EOAy which we may call the first, second, 
third, and fourth quadrants, respectively. 

PN 

In the first quadrant, sin.^ = TTp' ^^^ cos. -^ = 

ON 

-jYp', also, PN and ON are both + ; .*. the sine and 

cosine are both 4-. When OP coincides with OAy 
A J ==0; PN=0 ; ON =: OP ; .'. sin. = 0, and 
cos. = 1. 

As L AOP increases, N approaches O; .\ ON 
decreases and PN increases ; and when OP coincides 

with OC, PN= OP, and ON=^0; .'. sin.| = 1 ; 

cos. ;t = 0. 

2 

P N 
In the second quadrant, sin.^ = -7777^, which is + ; 
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but, COS. A = ^^-^ is — ; '/ 0N\ is opposite to ON. 

As OPx approaches OB, PiN\ decreases, and ONi 
increases, and when 0P\ coincides with OB, P\N\ =0, 

and 0^1 = OPi ; /. from - to tt, the sine decreases, 

but is + , and the cosine increases, but is — ; also, 
sin. TT = ; cos. tt = — 1 . 



P N 
In the third quadrant, sin.^ = j[ ^ and cos. -4 = 

Y^p , are both negative ; the former increases, and the 

latter decreases ; and when OP2 coincides with OE, or 



'2 



.•. sm. -7- = — 1 ; COS. -7^ = 0. 



P N , 

In the fourth quadrant, s\n,A = 77^ is still nega- 

ON 
tive, but COS. A = 77^ is positive ; the former de- 

creases as OP3 approaches OA, and = 0, when OPs 
coincides with OA; the latter increases, and = 1 when 
OP3 is coincident with OA, 

.". sin. ^TT = 0; and, cos. Stt = 1. 
.'. from to - , sine increases, cosine decreases ; 

from - to TT, sine decreases, cosine increases ; 

from TT to — , sine increases, cosine decreases; 

from ~ to 2ir, sine decreases, cosine increases. 

c 
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Also, in 1st quadrant, sine is +, cosine is + 

^d quadrant, sine is +, cosine is — 

3d quadrant, sine is — , cosine is — 

4th quadrant, sine is — , cosine, is +. 

23, To find the values of the tangent and secant in 
the different quadrants, and their algebraical signs. 

Since tan.^. = — — , its algebraical sign and value 

will depend upon those of the sine and cosine ; the 
tangent will be positive, when the sine and cosine 
have the same sign, and negative when they have con- 
trary signs. 



In the 1st quadrant, sin. is + ; 

COS. is + 

^d quadrant, sm. is + ; 

cos 

3d quadrant, sin. is — ; 

cos 



;}■•• 



tan. is + ; 



. IS + ; ) 

\ ,\ tan. IS — ; 
. IS — ; ; 

• IS - n . 

• f • • 

. IS — ; ; 



4th quadrant, sin. is — ; 

cos. is + 



tan. is + ; 



tan. IS — . 



When angle = 0, sin. = 


0; 


COS. = 


1: 


angle = ^ , sin. = 

cos..= 


1 



angle = tt, sin. = 





COS. = ■ 


-1 


, 37r . 

angle = ^ , sm. =- 

cos. = 


-1 



angle = Stt, sin. = 





cos. = 


1 



I ) ••• 



1 ^ 

j .*. tan. = T= ^; 



\ .'. tan. = - = 



Qo; 



\ .'. tan. = — T = ; 
y ,'. tan. = — - = 



-00 ; 



Y .•. tan. = T = 



0. 
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Hence, in the first and third quadrants, the tangent 
is positive, in the second and fourth negative. 

It is nothing when the angle is 0, it, or Sn- ; and is 

infinite when the angle is =, or -3- ; but the tangents 

of these angles have opposite algebraic signs. 

34. Tlie secant^ ; it is therefore positive or 

COS. ^ 

negative when the cosine is positive or negative. 

Hence, in the first and fourth quadrants, the secant is + ; 
in the second and third the secant is — . 

When the angle = 0, cos. = i, sec. = 
angle = ^, cos. = 0, sec. = 
angle = v, cos. =— I, see. =- 



In the same manner may the 
values of the cotangent and cosecant] 
values of tlio 

25. Tiie following proposition 
the chord of an arc of a circle = 
of J the angle subtended by the 

AP be an arc round 
centre O, ANP its 
'chord; draw ON \, 
AP; .: PN = AN, 
and i AON = 

NOP 
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:. FN A = 2PN^20P .y^^20P. sin. ~. 
Cor. If we call OP = r, and arc AP = a, then ^ = -; 

T 



.-. ^iV^P = 2r.sin.(-). 



26. When A AOP =^ 60' : AP =^ AO, 
For, V OA=OP; .'. Z OP^ = Z. O^P; 

.-. 2Z 0P^ + 60= 180; .'. Z. 0P-^ = 60 = Z^OP; 
.•. AP = OA, or the chord of 60 = radius. 

27. We may now find the numerical values of the 
sine, cosine, tangent, and secant of 30, 45, 60, and 120. 

30^ 
Since, chord 60 = 2r . sin.30 ; and cliord 60 = r; 

.". 2r sin.30 = V; .*. sin.30 = g; 









v.- 


1 

"4~ 


V3 

2 ' 


COS. 30 = 


V^l - sin.230 = 

1 


tan. 30 = 


sin. 30 
cos. 30 "" 


1 

i 

V3~ 
2 


1 

V3' 






sec. 30 = 


1 

COS. 30 


1 

2 


2 

vs' 







45^ 

(2.) Since sine of an arc = cosine of its complement ; 



.*. sin. 45 = COS. 90 — 45 = cos. 45. 
But sin.' 45 + cos.* 45 = 1 ; 

.'. 2 sin.* 45 = 1 ; or, sin. 45 = -y= = cos. 45 ; 

K 2 
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-K sin. 45 sin. 45 - 

tan. 45 = i-=r = -^ — j^ = 1 ; 

COS. 45 sin. 45 

1 1 y— 

sec. 45 = j-p = ^p = V2. 

COS. 45 1 

60°. 



(3.) Sin. 60 = COS. 90 - 60 = cos. 30 = -rp ; 



COS. 60 = sin. 90 - 60 = sin. 30 = 1; 

, ^^ sin. 60 2 ,/^ 

tan.60 = -jr =—-—== V3; 

COS. 60 1 

sec. 60 = ^7: c= -- = g, 

COS. bO I 

2 

120°. 

(4.) Since the sine of an arc = sine of its supple- 
ment, and the cosine of an arc = — cosine of its 
supplement ; 



sin.l20=:sin.60 = 



o J 



cos. 120 = — cos. 60 = — -; 

1/3 

. \r^i\ sin. 120 2 .y^, 

tan. 120 = rrrr. = :r = — V 3 > 

cos. 120 ^l 

2 

sec. 120 = =7^ =s + -^r = — 2. 

cos. 120 __1 

2 
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28. We have already seen (art 20) that, after each 
complete revolution of the line OP, the sine and cosine 
have the same value, or that 

sin. A = sin. (2w7r + A) ; 
cos. A = COS. (2w7r 4- A), 

f Hence the addition of 2mr to an angle, will make no 
difference in the sine and cosine ; .*. since 

sin. A = sin. (tt — ^); and cos. ^ = — cos, (tt^A) ; 



sin. (2w7r + A) == sin. (2n + lir ^ A);] 



cos. {2mr + ^ = — cos. {2n + 1 tt — ^. 

In the same manner, if we suppose the radius OP to 
revolve in a direction opposite to that which it has 
hitherto done, and describe angles, ^2'ir+A, —4fw\-A, 
&c. the sine and cosine will still be the same ; or, 

sin. -^ = sin. (— 2w7r + A)\ cos. A = cos.(— 2w7r +A); 
sin. A = sin. (± 2w7r + A); cos. A = cos.(±2«7r +A); 

or, speaking generally, the addition or subtraction of 27r 
makes no alteration in the sine and cosine. 

Cor. 1. Hence, if ^ = ; and .". sin. ^ = 0, and 
COS. A =1; 

sin. 2w7r = ; sin, {2n + 1) tt = ; 
COS. 2«7r = ; cos. {2n + 1) tt = — 1. 

Cor. 2. If ^ = | ; sin. A =1; cos. A =^ 0; 

••. sin. ^2w7r + |) = sin.(4« + 1) . | = 1 ; 

COS. (^2mr + 5^ = cos. {^n + 1) ~ = 0. 

29. Again, '.• sin. ^ = — sin. {w + A); 
and COS. ^ = — cos. {ir + A); 
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"i /. the addition of tt to any angle gives the same 
numerical values to the sine and cosine, but with dif- 
ferent algebraic signs ; and •/ the addition of any 
multiple of ^tt does not make any cliangc ; 

/. sin. (2n7r + ^, or sin.^:f, = — sin. (272 -f 1 tt + ^; 

cos. (2w7r + A), or cos. ^, = — cos. {2n + 1 tt + ^. 

30. Again, for negative angles, 

•.• sin. (— ^ = sin. (^tt — ^ = .-. sin. (2w7r — J) ; 

and COS. (— ^ = cos. (Stt — y^ = .*. cos. (2w7r — ^ ; 

and V sin. ^ = — sin. (— J) ; cos. (— A) = cos. A. 

.\ sin. ^ = — sin. (2«7r — ^); cos.-^ =cos.(2w7r— ^; 

.•. collecting the results, sin. ^ = sin. (± Swtt + ^ 
= — sin. (2w7r — yf) = sin. {2n + I w ^ A) 
= — sin. {271 — 1 TT + ^. 

cos. A = COS. (± 2w7r + ^ = cos. (2w7r — ^ 

= — COS. (2W + 1 TT ± ^). 
EXAMPLES. 

Sin. (415) = sin. (415-360) = sin. 55. 

Sin. (610) = sin. (250) = - sin. 70. 
Sin. (-312) = sin. (360-312) = sin. 48. 
Cos. (-570) = COS. (720-570) = cos. ir.O = - cos. 30. 

31. We may here mention other definitions of the 
trigonometrical ratios, which were formerly given. 

With centre 0, and radius OA, represented by unity, 
describe the circle A BCD. Take an arc AP, and let 
AA0P=^A; drsLW FNyATJLOA; produce OP to 
meet ^T in T; and similarly draw P3I, Bt. Then 
the lines PN, ON, AT, OT, arc called respectively 
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the sine, cosine, tangent, and secant of A ; and Bty Ot, 
whicli are the tangent and secant of the arc BPy or 
/. BOPy which is the complement of AP, or L A OP, 




are called the cotangent and cosecant ; also -^iVis called 
the versed sine of A, These representations of the tan- 
gent and secant give a meaning to those terms, which the 
former definitions do not ; and we may see that this 
mode of representing the trigonometrical ratios by lines 
can be derived from the methods already given ; for 

sin. ^ OP = ^ = PN, if OP = 1 ; 

tan. AOP=yj^=^ = AT,ii 0A=\; 

OP OT 
sec.^OP= ^=^= or, if 0^=1; 

^ 

and AT and OT are the tangent and secant of the 
arc AP. 

Also AN, or v. sin. A = OA — ON = 1 — cos -^ ; 

■arc AP 



and Z. ^ = 



OA 



= arc AP, if OA = 1. 



Hence the angle and the arc may interchange values. 
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32. We sliall conclude this chapter by the solution of 
a few questions. 

(1.) Let sin. A = cos. 4 A ; find A. 
•.• COS. 4fA = sin. (90 — 4fA) ; /. sin.^ = sin. (90—4^; 
.-. ^ = 90-4^; .-. A= 18°. 

% 

{2.) Let p sin. A = q cos. A ; find sin. A. 

.\ p' sin.^ A =:q' COS.* A =^ q\ {I - sin.* A) ; 

• a 

.\ ip' -f q') sin.' ^ = ff* ; /. sin. A = ^ , _^ , . 

(3.) Express sin. A in terms of tan. A. 
• jf 

Tan.-^ = — '—-i =B sin.-^sec.^ = sin.^ VI + tan. *^; 
cos. .4 

* . . tan.'^. 

/. sm. -4 = 



l/l + tan.2^* 



2 
(4.) Let sin. ^ = - ; find cosine, tangent, and secant* 





1/5 
3 • 


^ ^ sin.^ 2.1/5 2 




^"*^- ^ - cos.^ - ^ • 3 - 1/5- 




EXAMPLES. 





(1.) Find the sines and cosines of 135% 150", 210% 
240°, 315% 330% and 480°. 

(2.) If sin. 5 ^ = sin. A ; find A. 

(3.) If tan. ^ = 2 sin. A; find ^. Also when 
sin. SA^ COS. 2 ^. ' 
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4 

(4.) If tan. ^ = ;r ; compute the sine and versed sine. 

(5.) 6 (sin. A)^ = 5 cos. A ; find sine, cosine, and 
tangent. . h'n fj 

(6.) (Sin. A) . (co3.^ = -j- ; find sine, cosine, and arc. i '• 

4 

(7.) Tan. A + cot. A = 77^ ; find tan. A, and cot. A. 

(8.) If 3 sin. A+5VS cos. -.df = 9 ; find -.df. ^0" 

(9.) If sin. .^ + sin. -B = — ^ — ; and sin. .^ sin. ^ 

= —r- ; find -^ and B. 
4 

(10.) If sin. A + cos. ^ = ^-^^^ ; and " *' " ^'^ 



t. 
f 1' 



sin. B + cos. ^ = }^_^_yl . find ^ and B. 

(11.) Find the following values ; — 

/. V cf ># 4 ^ A ^ Vsec.^-^—- 1 tan.-^ 

(1.) bin. ^= cos. A . tan. ^ = . /t — v ^ = —7= : — ~ - = 7- 

^ ^ Vl+(cot.-^)2 Vtm.'A+l sec. A 

fc%\ n A sin.-^df . . ^ . 1 cot.^ 

(^.) Cos.^ = > = sin.-4.cot.^= ^/^ , , ^, = 4/., . ^, 

^ ^ tan.-^ Vl + (tan.^2 VHr(cot.^ 

^ ^ t^ (cos.^* cosec.-^f V^l — (sin.^ 

(120 Show that sec* ^ . cosec.^^ = sec.^-^df + cosec.*^. 

(13.)^f m = tan. A + sinl'.^ ; 7i = tan. A — sin. A ; 

find an equation involving m and /i only. 

, ■»•• • . 

1, J* (14") If sin. a: COS. J? + a sin.* 0? = 6; find sin. a?. ** 



■i 
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CHAPTER 11. 



EXPRESSIONS FOR THE SINE, COSINE, AND TANGENT 

OF A±B. X 

33. The most important proposition in Trigonometry, 
and upon which all formulas respecting the sum and 
difference of angles depend, is the following ; — 

Find sin. {A ± B), and cos, {A ± B), in terms of the 
sines and cosines o{ A and B. 




Let /. AOB =:A, L BOC =^ L BOD =: B:, 
.\ L AOC = A'\-B; L AOD = A-- B. 

Through B draw CBD \J OB-, .\ OC ^ OD. 

Draw CK, BM, DN \J to OA, and Bn, Dm, 
L'to CR, and BM; then the triangles CBn.BmD 
are similar and equal in every respect ; also, 

L CBn^l^nBO^l^BOA^l^A. 

2 2 2 

xr^ • /.#. r>\ CR Rn + nC BM nC 



But 



BM OB.ain.A. 



OC 



OC 



= COS. B . sin. A ; 



28 SINE, COSINE. AND TANGENT 

, Cn CB . sin. CBn . ^ . 

and -jYfi = 7779 = sm. B . cos. A ; 

/. sin. (A •\- B) =^ sin. A . cos. ^ + sin. B . cos. A. 

Again, 

• ^>/ p, _DN J BM-Bm _ BM Cn 
sm. ^-^-2/} - Q^ - OD " OC OC 

= sin. .^ . COS. B — sin. B . cos. ^ ; 

, ,. ^. OB OM-RM OM En 
andcos.(^ + 5)=-g^= -^ = OC- OC' 

^ , Oibf OjB. cos. ^ . ^ 

"7)7^ ~ 7Tn ~ ^^^* ' ^^'^^ ' 

^n BC. COS. CBn . t> • ^ 
^ = ^-g = sin. B . sin. A; 

.'. cos. (^ + 5) = cos. A . cos. ^ — sin. A . sin. B. 

Also,cos.(^-5) = ^^ = — OD— = OC + OC 
= COS. A . cos. B + sin. -^ . sin. B. 

34. Hence, collecting the formulas, 

sin. (-^ + -B) = sin. A . cos. -B + sin. B . cos. -^. . (1.) 
sin. {A — B) =i sin. A , cos. ^ — sin. B . cos. .^. . {2.) 
COS. (^ + J?) =5 cos.^ . COS. B — sin. A . sin. J?. . (8.) 
cos. (A — B) = COS. A . COS. jB + sin. -4 . sin. B. . (4.) 

35. If J? = ^, we have from (1) ; v ^ 4- 5 = 2^ ; 
sin. 2-^4f = sin.^.cos..^ + sin. .^ cos. .^ =2sin.-^cos.-rf. 

and from (3) ; cos. 2^ = cos.* A — sin.*^ ; 
or, COS. 2^ = cos.*^ — (1 — cos.*^ = 2 cos.^A — 1 ; 
or, cos. 2^ = 1 — sin.*^ — sin.*-^ =1—2 sin.*-^ ; 



/^ 
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which formulas give sin. 2 A, and cos. 2 A, in terms of 
sin. A and cos. A. 

36. For 2 A write A ; .-. for A write ^ ; 

jI rk ' A A 

.*, sm. ^ = 2 sin. TT . COS. -pz ; 

COS. ^ = 2 COS.* ^ — 1, or = 1 —2 sin.* -^ ; 

which express the sine and cosine of an angle, in terms 
of the sine and cosine of half the angle. 

A 

37. Since 2 sin.* — = 1 — cos. A. 

2 ' 

and 2 cos.* — = 1 + cos. A ; 

2 

' 2 _ g^ _ 1 —cos. ^ 
-tan. ^- - J ^cos^^; 

COS.* g- 



.-. tan. - == 'l/y 



— COS. A 



^ _ .. .«XX. ^-^ y ^ +cos.^' 

a formula of considerable utility. 

38. A great variety of formulas may be deduced from 
the general formulas of Art. 34^ ; the following are the 
most important ; — 

Adding 1 and 2 together, 

^ sin. {A •\- B) -\- sin. {A — B) = 2 sin. A . cos. B. 

And similarly also we have, 

_ COS. {A •\' B) + cos. {A — B) = 2 cos. A . cos. B ; 

^ sin. (A + B) ^ sin. {A — B) =: 2 sin. JB . cos. ^ ; 

_ cos. {A -^ B) -^ cos. (-^ + 5) = 2 sin. ^ . sin. B ; 
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39. Let ^ + 5 = wi, and (^ — 5) = » ; 

.*. A = — ^ — , and B = — 5 — , and 

sin. m -h sin. w = » sin. — ^ — . cos. — 5 — ; 

^ ?w + w m -^ n 

COS. m -f COS. » = 2 COS. — p. — . COS. — Pi — : 

^ . ni — n m ^ n 

sin. m — sm. » = % sin. — rz — . cos. — tz — ; 

2 2 ' 

^ . tw 4- w . m ^ n 
CO?, w — COS. 7w = 2 sm. — p; — . sm. — jz — . 

2 2 

40. These last formulas may be obtained directly 
from the original expressions for sine and cosine of 
A ±. By by the following method ; — 

^. . A-^B ^ A^B 

Since A = — ^ — 4- — ^ — = P + 2i 

— ^ ^~ = P — y 5 

^ + ^ , A^ B 

where jp = — ^ — , and q = — ^ — ; 



.•, sin. A = sin.|) + q =^ sin.p . cos. g' + sin. q . cos.p ; 
cos.^ = cos.^ 4- y = cos.jp . cos. q — sin.jp . sin. q ; 
sin. B = sin.|) — ff = sin.p . cos. q — sin. q . cos.^ ; 
COS. B = cos.jp •— g' =8 cos.^ . cos. q + sin.p . sin. y ; 



therefore, 



■ > : ;■; . fr, ': ^ 



A'-^ B A B 
sin. A -h siu.B = 2 sin. jp . cos. g' = 2 sin. — g — .cos. — ^ — ; 

•i '\ y i J) 
A + B A-^B 
cos. A 4- COS. B =i2 cos.p . cos. q = 2 cos. — 5 — . cos. — 5 — ; 



3 

Zi 

V; 



1 



OF A 






I 



A * r> ci " ci * -^ — -^ A '\- B 

^ sm. A — sm. B = 2 sin. y . cos,p = » sin. — ^ — . cos. — ^ — ; 

T> jt a • • ^ . A -^ jD . A — x> 

-« cos.xj — COS. -4 = ^sin.jp. sm. q = 2 sin. — ^ — . sin. — ^ — ; 

41. Hence, also, by division we obtain, 

^ . A + B A-B . A + B 

># . • r> ^sjn. — ^ — .cos. — - — sm. — ^ — . . „ 

sin. A + sm. B __ 2_ ^ __ ^ _ * -^ + ^ 

cos.^ + cos.^"" " ]^+"-5 IT^B" ZhTS"" ~"y~' 

» COS. 7i . cos. 75 COS. 7^ 

2 2 2 

^ . A-B A + B . ^-5 

># • r> J^sm. — ^5 — .COS. — pr — sm. t: — ^ D 

S1I1..4 — Sin. 5 2 2 2 ^ A—B 

= tan. 



, cos.^ + cos.^ ^ ^-5 ^ + ^ ^ — ^ ' 2 

' 2 COS. Ti . COS. ^ COS. :r 

2 2 2 

and, 



\ 



. A+B A-B 

sin.A + sm.B _ ''^^' 2 ''^°^' 8 , A + B A-B 

sia. A - aiu. B ~Z A + B . A-B~^^^' 2 ' °°*' 2 

2 COS. — 5 — . sin. — ^ — 



2 

I = 



tan, — TT — 

42. Again, 

since sin. (.^ + B) = sin..^ . cos.B + sin. 5 . cos.-^; 
and, sin. {A — B) = sin, A . cos.B — sin.^ . cos.^ ; 

therefore, 

sin.(^+5). sin.(^— i?)= sin.*.^. cos.^^— sin.^i?. cos.^y^ 
= sin.*^. (1 — sin.^.5) — sin.*^. (1 — sin.^^) 
= sin. ^y^ — sin. ^^ 

= (sin.^ + sin.5) . (sin.^ — sin.i?) ; 
V cos. {A + B)= cos.A . C0S.5 — sin.^ . sin.i? ; 

and COS. {A^B)=^ cos. A . cos.5 + sin.^ . sin.jS ; 
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cos.A + B . cos.A—B = cos."^ . cos.^B — sin,*^ . sin.^B 
= cos.*^ . (1 - sin.^B) - (1 - cos.^J) . sin.*^ 
= cos.*^— sin.*5 = (cos.^-f sin.^) (cos.^ — sin.-B). 

43. From, Art. 3%. r* V 

Sin. {A-]-B) =i 2 sin. A . cos. B — sin. A — B. 



Cos. A -\- B =^2 COS. A . cos. ^ — cos.A-—B, 



Hence, if we have three angles, A + B, A, and A^B^ 
given in arithmetic progression, the sine and cosine of 
A '\-B may he found from the sines and cosines of A and 
A'-B, Thus, to find sin. A-\- By multiply sin. A by 
2 cos. jB, and sin. ^ — 5 by (— 1), the sum of the pro- 
ducts will be sin. A '\' B \ and to find cos. A + B, 
multiply cos. ^ by 2 cos. B, and cos. A-- B by (— 1), 
and add the results. The expression 2 cos. J? — 1 , 
is called the scale of relation; and sin. A +Bf sin. A, 
and sin A — B, are called terms of a recurring series, 

44. To find sin. 3 a, and cos. 3 a. 

Sin. 3a = sin. {2 a + a) 

= sin. 2a . cos. a + sin. a . cos. 2a 
= ^sin.acos.^a + sin.a(l — ^sin.^a) 
= 2 sin. a — Ssin.^a + sin. a — Ssin.'a 
= 3 sin. a •— 4sin.^a. 

Cos. 3a = cos. {2a + a) 

= cos. 2 a COS. a — sin. 2a sin. a 
= 2 COS.* a — cos. a — 2 sin. ^ a cos. a 
= 2cos.*a — cos. a — 2 cos. a H- 2cos.*a 
= 4 COS.* a — 3 cos. a. 
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These formulas show, that, if the sine or cosine of an 
angle be given, the sine and cosine of a third of the 
angle can only be found by means of a cubic equation. 

45. To find sin. 4a, and cos. 4a. 

Sin. 4a = sin. 2 (2a) <= 2 sin. 2a . cos. 2a 

= 4 sin. a . cos. a . (1 — 2 sin.' a) 

= 4 COS. a . (sin. a — 2 sin.' a). 

Cos. 4a = 2 cos.*2a — 1 

= 2(2cos.«a-. 1)«- 1 
= 8 COS.* a — 8 COS.* a + 1. 

46. Since sin.(^H-^) -f sin.(^— 5) = 2sin.^. cos.^, 
and cos. {A-\'S) + cos. (-^— B) = 2 cos. A . cos.-B ; 

let ^ = a, and ^ = (« — 1) a ; 

.\ A + B ^ na; .*. ^ — ^ = (n — 2) a ; 

.•.* sin. na + sin. (» — 2) a = 2 sin. (ti — 1) a . cos. a, 
COS. na + cos.(n — 2) a = ^cos. (» — 1) a . cos. a. 

From which formulas the preceding expressions for 
sin. 3a, and cos. 3a might be found. 

Then, let » = 3 .-. » — 2 = 1 ; 

.•. sin. 3a + sin. a = ^sin.^a . cos. a, 
.•. cos. 3 a + cos. a ^= ^ cos. 2 a . cos. a. 

Whence, by putting 2 sin. a . cos, a, for sin. 2a, and 
2 COS.* a — 1, for cos. 2a; sin. 3a, and cos. 3a maybe 
found in terms of sin. a, and cos. a. ■ 

Hence, we may show that 

sin. da == 16sin.*a — 20sin.*a + 5 sin. a; 
cos. 5a = 16cos.*a — SOcos.^a -|- 5 cos. a. 

47. Find the sine and cosine of an angle in terms of 
the sine of twice the angle. 

D 
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cos.^^ + sin.^.^ = 1. 

2 sin. A . COS. A = sin. 2 A ; 

.*• cos.'^ + 2sin.^. cos.^ + sin.*^ = 1 + sin. 2-^; 
and, cos.*^ — 2 sin.^ . cos.^ + sin.*^ = 1 — sin. 2 A ; 

— .*. cos.^ + sin.^ = ± 1/1+ sin. 2^; 

cos.^ — sin.-^ = ± V\ — sin.^.^; 

_ .-. cos.^ = I { V\ + sin. 2^ ± V\ — sin. 2^} 
sin. ^ = I { 1/1 4- sin. 2^ T ^l- sin. 2^} 

When A IS £ 45% cos. ^ is 7 sin. ^, and we must 
use the upper signs ; but when A 7 45°, sin. .^ is 7 
COS. Ay and we must use the lower signs. 

These values for cos. A and sin. A are termed for- 
mulas of verification, since they are used to test the 
accuracy of results obtained by other processes. 

Thus, to find sin. 15° ; V 15° = 45° - 30° ; 

.'• sin, 15 = sin. 45 . cos. 30 — sin. 30 . cos. 45 

^ 1/3 1_ ^ V'3-1 

"■ 2V2 2V2 "■ 2V2 

Then, in the formula, let ^ = 15 ; /. 2A=iS0; 

J 3 \ 

sm.2A = -; 1 4- sin.2^ = -; 1 — siu.2^ = g; 

48. To find the tangent oi A ±l B in terms of the 
tangents of A and B. 

First, 



( /I 7?\ — sin.^H-^ __ sin..^ . cos.^ + sin.^ . cos.^ 
*^ '^ ~" cos.^Zhk5 ~" cos.^. cos.^ — sin.y^ . sin,^' 
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Divide the numerator and denominator by cos.-^ . cos.^. 

The numerator becomes 

sin. ^ , sin. 5 ^ ^ . ^ t> 

J H ^ = tan.vf + tan.^. 

COS. A COS. JJ 

The denominator becomes 

, sin. ^. sin. ^ - ^ >* . ti 
1 7 o = 1 ^ tan.^ , tan.xj ; 

COS.^ . COS. If 

/ A . T»\ tan. A + tan.i? 

.-. tan. (A + B)^ -j— < . 

^ ^ 1 — tan. A . tan.i> 

. Secondly, 

/J p\ _ sin.(.^--^) _ sin.^ . cos.^ — sin..^ . cos.^ 
co8.{A'—B) "" cos.^. cos.^ + sin. A , sin.^' 

.% dividing numerator and denominator by cos. A . cos. i?, 

/ ^ ^. tan.^ — tan.i? 

tan, (A — £)=: j—r-i ;?— r s- 

^ '^ 1 + tan.^ . tan.j& 

CoR. 1. In the formula for tan. (-^ -|- ^), put B=^A; 

.% tan. {A '\' A)-=^ tan. 9^ A == !^ * \ . . 

1 ""* tan. A 

CoR, 2. For ^Ay put A ; .-. for ^ put ^ ; 

2ta.n.-^ 
s. tan. ^ 5= 



1 — tan.^-x 
2 



40. Again ; if ^ = 45, tan.-^ = tan. 45 = 1 ; 

/>ir . r)\ 1 + tan.jB 
.-. tan.(45 + 5)=^— ^^^; 
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Hence, 
■.„.(« + i) - ..„.(4.- i» = [±^ - 1^^ 

_ (1 4- tan.^y - (1 - tan,^y 
"" 1 - tan.*^ 

4tan.JB ^^ ^„ 



1 — tan.'J5 
And tan. 4a = tan.(^a + 2a) 

2 tan. 2 a 



1 — tan.^^a* 

(xx* /? . r» ^ tan. a \ 
putting for tan. 2a, ^ _ ^^^ .^ ) 

__ 4 tan.g . (1 — tan.' a) 
"" (1 — tan.^ay — 4 tan.' a 

__ 4 tan.fl — 4 tan.*a 
""1 — 6 tan.'a + tan.*a ' 

50. Since tan. (A + B) =. ^an.^ .+ tan.g 

^ ^ 1 — tan.-.4f . tan.g * 



forgputg+ C; 



.-. tau.A + g 4- C = 



tan.^ + 



tan.^ 4- tan.g -h C 
1 — tan.^ . tan.g + C 

tan.g + tan.C 



1 — tan.g . tan.C 



1 f >// tan.g + tan.C \ 
\1 — tan.g . tan.C/ 

tan.^ + tan.g + tan.C — tan.^ . tan.g . tan. C 
1 — (tan.^ . tan.g + tan..^ . tan.C + tan.g . tan.C) ' 



Cor. 1. If ^ -h g + C — ir, tan.^ 4- g + C = ; 
therefore, the numerator of the fraction is = 0; and there- 
fore, tan.-^ 4- tan.g 4- tan.C = tan.^ . tan.g . tan.C. 
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Hence, if A^ By C, be the Z " of a A, the number 
expressed by the sum of the three tangents is equal to 
the number expressed by their product. 

Cor. 2. If A =^ JB = C, A -^ £ ^ C = 3 A, 

3 tan. A — tan.*^ 



and tan. 3 A = 



1 — 3 tan.^^ 



51. Also, sin.(^ -f J5 -f C) = sin.(^ + J? + C) 



= sin. (A -{- B) , cos.C + sin.C . cos.^ + B 
= sin.-^ . C0S.J5 . cos.C 4- sin .5 . cos..^ . cos.C 
+ sin.C . cos.-^ . cos.J? — sin.-^ . sin.^ . sin.C. 
If A -{- B + C = TT, then sin.^ . sin.J? . sin. C 
= sin.^ . cos.-S . cos.C + sin.-B . cos..^ . cos.C 
+ sin.C . cos..^ . cos.-B. 

52. The utility of some of the preceding formulas 
may now be shown. 

(1.) Sin. (45 + A) == sin. 45 . cos.^ 4- sin.^ . cos. 45 

= -y= . (cos..^ -f sin.-^. 

Cos. (45 + A) = cos. 45 . cos.^ — sin. 45 . sin. A 

= -y=^ . {cos. A — sin. A). 

Whence, if ^ = 30 

1 + V3 



sin. 75 = cos. 15 = 



cos. 75 = sin. 15 = 



TT > 



t/3- 1 



2V2 

(2.) Sin.(45 + ^ - sin.(45 ~ ^ = V2. sin.A; 
sin. (45 + A) -^ sin. (45 ^ A) = V2 . cos. A. 
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. _ sin. (45 + A) ^ sin. (45 — A) 
.-. tan.vf "" sin.(45 + ^) + sin.(45 - A)' 

(3.) Sin. (60 + A) = sin. 60 . cos. A + sin.^ . cos. 60; 
sin. (60 — A) = sin. 60 . cos.^ — sin..^ . cos. 60 ; 

.-. sin.ecTM + sin.60— ^ = 2sin.60 . cos.^= VScos.A; 
sin.60 + -<rf — sin.60— ^ = 2cos.60 . sin.^= sin..^ ; 

sin.(60+^)-sin.(60-^) _ sin..^ __ 1 . 

•'• sin.(604-^) + sin.(60-^) "" VScos.A " Vs 



(4.) Prove that tan. (45 — ^ = y r- 



— sin. 2 A 



+ sin. 2 -4* 

Vi •— sin, 2A = X^cosJ^A — 2 sin. A . cos. A + sin.*.^ 

= cos. A — sin. A ; 

Vl + sin. 2A=: V'cos.^A + 2 sin. A cos. A + sin.*^. 

= cos. A + sin. A ; 

4/1 — sin. ^^ _ cos. A — sin. ^ ___ 1 — tan. ^ 
• * V^ 1 + sin. 2A'^ cos. ^ + sin. ^ "~ 1 4- tan. -rf 

= tan. (45 — A). 

(5.) I{A + B+ C = TT, show that 

sin. A 4- sin. ^ -f sin. C = 4 . cos. 77 . cos. 7; . cos. - . 

2 2 2 

V C=7r~(^+ i?) ; /. sin. C = sin. (^ + ^) ; 

. . , . o ^ . ^H-jB ^-^ 

sin.-4 + sm.ij = 2 sin. — ^ — . cos. — ^ — ; 

. ^ Q.^4-^ ^ + J? 

sin. C = 2 sin. — ;; — . cos. — 75 — : 

2 2 ' 

Also sin. ^ — ^ ) = sin. (^90 — g ) = cos- g ; 

.'. sin. A + sin. J5 + sin. C 

^ C ( A^-B ^ AS\ 
= 2^os. g . I COS. — ^ — + cos. — g— I 
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, C A B 

= 4' COS. pi . COS. -ZL . COS. -pz . 
2 2 2 ^ 

(6.) To find the sine and cosine of 18" and 36°. 
5 X 18° = 90° ; .-. 3 X 18° = 90°- 2 x 18° ; 



.-. COS. (8 X 18°) = COS. (90° - 2 X 18°) = sin. 2 x 18°. 
But COS. 3 X 18 = 4 COS.* 18 — 3 . cos. 18, 
sin. 2x18 = 2 sin. 18 . cos. 18 ; 
/. 4 COS.* 18 — 3 COS. 18 = 2 sin. 18 . cos. 18, 
or4cos.M8- 3 = 2sin. 18, 

Let sin. 18 = x ; 

/. 4 (1 — a:*) — 3 = 2a;, or 4 ar* + 2 J? = 1 ; 
^ . a: 1 1 1 5 

'• ^2^ 16 4^ 16"" 16' 

.•. X = 5 = sin. 18 = COS. 72. 

4 

But 

4(l-«») = 4cos.M8 = 2aj+3==-^^^^^+3=^^^ 



.-. Vl - a;» = COS. 18 = -^^; 

2\^ ' 



Sin. 36 = 2 sin. 18 x cos. 18 = -^^ JTaTT 



^ ^{6-2V5){5+\/6) ^ t /20-4l/5 _ VV-V^. 
4t/2 4t/2 ' 2V2 ' 

cos. 36 = 1 — gsUl.* 18 =a 1 — ^= 7T — ^ =1 g 

2+21/5 1+1/5 
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EXAMPLES. 

(1.) Find the sines and cosines of 105% |md 33°. 

(2.) Show that 

eos. (60 + A) -{- COS. (60 — ^) = cos. A ; 
COS. (60 - ^ - COS. (60 + ^) = 1/3". sin.^; 
sin, (30 + A) + sin. (30 - ^ = cos,^; 

COS, (30 — ^) — COS. (30 + ^ = sin.^. 

« 

(3.) If tan. 2^ = 3 tan.^, find ^; and sin.^, when 
COS. 2-^ a= 2cos.^. 

(4.) Show that 

2tan.^ 2 ^ ^ 

sin. A = #= . = 1 -28in.2 (45- — ). 

l + taii.2- tan.- + cot.- 

cot. e- -tan. - A A 

COS. ^ = r ^ = = = 2 cos . (^45 + - ) . COS. (45 - - ). 

cot. - + tan.— l+tan..rf.tan. - 
2 2 2 



2 cot 2 
tan. A= — 



,A ^ A A 

COt^ "o "" -^ CO^ O ~ **^' 9 



= -J{tan.(45+|)-tan.(45-|).} 



3 4 

(5.) If sin.^i^s -randsin.Bss -= , show that ^ + 5=90*. 

(6.) If tan.^=;zandtan.J?=-, show that^ + 25=45". 

(7.) If tan. 3./^ = 5 tan. A^ find tan. ^ ; and if sin. ^A 
= 2sin../^, find ^. 

(8.) If sin . A +. cos. 2A^ y| , find A. 

(9.) Compute tan. 15% and show that sin. 30° is a mean 
proportional between sin. 18° and sin. 54°, 
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(10.) Show that 2 cos. 11° 15' = l/^ + V2+ t/g; 

4siii.9"= V^3 + l/5- ^5-\/^; 
and tan. 2^ 30' = t/5 - 1 . 

1 - tan.^^ 
(11.) Prove that cos.^ ^ -^; 

1 + tan.^l 

tan. ^ = cot. ^ — 2 cot. 2 A; 

cosec. ^ = cot. - — cot. A. 

2 

{12.) Show that 

(l.)Tai».^ = y ^^^^^g^ . 

/o \ T 2 ^ _ 2sin.^— sin. 2^ \ 
{4.) ^^^'•^2''2sm.J'^sm.2A' 

/»\ -n x2/^c . ^\ 2 cosec. 2 ^ — sec. ^ 
(3.) Cot.- (45+^)^ ^^^^^^^^^^^^^ . 

(13.) If ^ + J5 + C = 90, show that 

cot. A + cot. B + cot. C =» cot. ^ . cot. B • cot. C ; 
and if ^ + -B + C^ 180, show that 

sin.2^+sin.2JS4-sin.2C=4sin.^*sin.jB. sin. C. 

(14.) Find sin.^ from tan.-^ = cosec.^ — sin.^; 

and A from 
tan.^ + 2cot.2-4 = sin.^ A + tan.^ . tan. -y . 



CHAPTER III. 



CONSTRUCTION OF TRIGONOMETRICAL TABLES. 

53. The principal use of the formulas which have 
been proved in the preceding chapters, is for the pur- 
pose of forming trigonometrical tables. 

In these tables the values of the sines, cosines, 
tangents, cotangents, &c. of all angles, from 0° to 45% 
are registered. And since sin. 45 — -^ « cos. 45 + A^ 
and COS. 45 — ^ — sin. A^ -{■ A, the values of all the 
trigonometrical lines, from 45° to 90% are also known. 

54. If sin. a be known, cos. a =2 V'l — sin.^a is also 

, J ^ sin. a 1^1 
known ; and tan. a rss. , sec. a = , cot. a= 



cos. a cos. a tan. a' 

cosec.a = , may be found. 

sm. a "^ 

' Also, since sin. (a + 6) = sin. a . cos. b + sin. b . cos. o, 
and cos. (a + 6) = cos. a . cos. b — sin. a . sin. 6. . 

By making 6= a, ^a^Sa, &c., sin. 2 a, cos.^a, sin. 3 a, 
cos. 3 a, sin.4(z, cos. 4 a, &c., may be computed. 

Thus, if sin. V be known, sin. 2', sin. 3', cos.^, cos. 3', 
&c. may be found. 

55. The sin. 1' differs but little from T, and may be 
taken equal to it; for the error arising from this 
assumption is less than the cube of the decimal which 
represents a minute. 



\ 
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56. Now, since in a right angle, or 5, there are 
90 X 60 minutes, and that ir = 3.1415926; 

-, 3.1415926 .031415926 ^noonoo c 
- * = ImTTGO '• 108— = -00029088, &c. ; 

.-. sin. 1' =: .000290888, &c. 

COS. r = Vl-sin.^r = .99999995, &c. 

57. The limit of the error committed in assuming the 
sin. 1' = 1', may be thus found. 

Lemma. If a be <^ ^, a Z tan. a, 7 sin. a. 

Let AF be a circular arc, ^cP its chord, AT a. tan- 
gent. Ft a tangent at P; 

/. Ft = At, and A AOt=: A tOF. 




M A 



Then, manifestly, the arc AF is /L At + Ft, but 
7 chord ^cP; and .*. 7 Piif; 

IS < 2 ;p^ > 



< « 



0^ 



0^ 



OJ.' 



a 



or o is Z 2 tan. - ^ sin. a. 

2 tan. - 

But tan. o = -^ ; .*. 7 2tan. -; 

1 — tan.';r 
2 

/• arc o /. tan. a. 7 sin. a. 



44 CONSTRUCTION OF TABLES. 

TT • A. sin. a 

Mence, since tan. a, or 7 d ; 

COS. a 

.*. sin. a 7 « . cos. a, and .'. d fortiori, 7 a . cos.' a. 

For cos. a is a fraction Z 1, and therefore diminishes 
the quantity into which it is multiplied ; 

.'• sin. ay a — a sin.' a ; 
/. a . sin.'a y a — sin.o. 

But sin.o Z. a ; therefore a x sin.' a Z. a' ; 
.*. d fortiori, a' 7 a — sin. a, or a — sin. a Z a*. 

Hence the error is less than (.000^90888)', . or 
.000000000008 nearly, where the first significant figure 
is the l^th from the decimal point. 

58. The sin. V has been found by assuming that 
sin. r = 1'; the accuracy of the result may be tried by 
obtaining the value by a different process. 

We have seen that sin. 5 a = 5 sin. a — ^Osin.'a + 

16 sin.* a, and sin. 15 is known = 7=- . Assume, 

therefore, 5 a «= 15, and therefore a = 3, and we shall 
be able to find sin, a, or sin. 3°; but fnom sin. 3 a = 
3 sin. a — 4 sin.' a, we may calculate sin. a = sin. 1°; 
and again, by trisection, we find sin. 20', then sin. 10'» 
and sin. 2\ and lastly sin. 1'. 

59. To find sine and cosine 2', 3', 4', &c. 

Since sin.(w + 1)6 + sm,{n — 1)6 = 2 sin. w 6 . cos.6; 
and cos.(n + 1) 6 -f cos.{n — 1) 6 = 2cos.»6 . cos.6. 

.'. sin. (/I -f 1)6 = 2sin.7i6 . cos.6 — sin,{n — 1)6; 
and cos.(w + 1)6 = 2cos.«6 . cos.6 — cos.(7i — 1)6. 

Let 6 = r, and » = 1, 2, 3, &c. 

Sin. 2'= 2sin. 1'. cos. T— sin.O = 2sin. T. cos. V. 
Cos.2'= 2cos.r. cos.r— cos.O = 2co9;*r— 1. 
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sin. 3' = 2 sin. 2'. cos. 1' - sin. 1'. 
COS. 3'= 2 COS. 2'. COS. T— cos.l'. 
sin. 4' = 2 sin. 3'. cos. V — sin. 2'. 
^ COS. 4' = 2 COS. 3'. cos. V — cos. 2'. 
&c. . . = &c. ...... 

60. Also^ since the sin. 1° is known, we may by the 
same formulas, by putting 6 = 1°, compute the sines 
and cosines of all the other angles. 

61." Next, to find the sines and cosines of angles com- 
posed of degrees and minutes. 

Sin. (a + 6) = 2 sin. a . cos. b — sin. (a — 6) 
= 2 sin. a .A — 2sin.*-^ — sin.(a — b), 

h 

putting for cos. b its value, 1 — 2 sin.* - ; 
.•. sin. (a + 6) = 2 sin. a — sin.(a — 6) —4 sin. a . sin.*- . 

= sin. a + (sin. a — sin. a — 6) — 4 sin. a . sin.* ^ . 

Let 6=1'. Therefore, 
sin.(a-fl')=sin.a-f-(sin.a— sin.a— 1')— 4sin.a.sin.*30". 

Thus, if we wish to compute the sines of 5* T, 5°2', 
&c. we must write for a, 5**, 5° T, &'c. 

Sin.5° V = sin.5°+ (sin.5°- sin.4°590 - 4sin.5'» . sin,*30" ; 
sin.5°2' = sin.5'»r + (sin.S'^r- sin.5**) - 4sin.5*'r. sin.*30"; 

and so on. 

62. After computing as far as 60°, the sines of the 
remaining angles up to 90° may be found from the 
values of the sines previously obtained. For we have 
seen that sin. (60 + ^ = sin.^ + sin. (60 — A), 
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Thus, let A = P, 2", 3°, &c. ; 

:. sin. 61** = sin.P + sin. 59°; 
sin. 6^ = sin.i2» + sin. 58°. 

And thus the sines of the remaining angles are known 
by addition, 

63. Since cos.^ = sin. 90 — A^ the cosines will be 
known if the sines of the angles, from to 90, are com- 
puted ; and from the sines and cosines the values of the 
other trigonometrical lines may be found. 

64. After computing the tangents up to 45°, from the 
formula tan.^ = — ^, the remaining tangents may 

COS. ./jl 

be found by addition only. 



For tan, 45 + ^ — tan. 45 — ^ = 2 tan. 2^ ; (Art. 49) 
.•. tan. 45 + A = 2 tan. 2^ 4- tan. 45 — A. 

Let A = 1°, 2°, 3°, &c. ; 

.'. tan. 46° = 2 tan. 2° + tan. 44°. 

tan, 47° = 2 tan. 4° + tan. 43°. 

tan. 48° = 2 tan. 6° + tan. 42°. 

&c. . . . = &c 

65. By these and similar methods, the values of the 
sines, tangents, &c. are found ; these are called natural 
sines, tangents, &c. In practice, however, the loga- 
rithms of these numbers are more convenient ; but since 
the sines and cosines are always less than unity, all their 
logarithms will be negative. Also the tangent of an 
angle less than 45° being less than unity, and of an angle 
greater than 45° being greater than unity, the logarithms 
of the tangents up to 45° would be negative, and of 
angles greater than 45° would be positive. To avoid 
the confusion which would thus take place in the tables, 
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the logarithms of the trigonometrical ratios are increased 
by 10 ; and we must therefore remember, in practice, to 
subtract 10 from each logarithmic sine or cosine, &c. 

66, Many of the values for the sines and tangents are 
found by addition only ; consequently, if there be any 
error in one of the quantities, this error will be repeated 
as many times as the operation is repeated. To guard 
against the possibility of such a circumstance hap- 
pening, and for the purpose of detecting the error 
so arising, formulas have been invented, which will 
give the required result, by a different and independent 
process. These formulas are, from the use made of 
them, called Formulas of Verification. Such a one is 

sin. a = i ( Vl + sin. 2 a — Vl — sin.^a). Let us apply 
this to verify the value obtained for sin, 1°. 

V'5— 1 

Let 2a = 18° ; .". a = 9**, and sin. 2a = j ; 

1 +sin.2a = X > ai^a 1 — sin.2a = j — i 

therefore, 
sin.9»=H ^STT^- 1/5^^} = 1 { ^^^±^ - V^ 

The value of sin. 9° being known, sin. 3*» may be 
found from the formula for sin. S a ; and, knowing 
sin. 3% we may by the same formula find sin. 1**. 

67. The following formulas, which depend upon 
sin. 36* and sin. 72**, have been given by Euler. 

Since cos. 36 = — -i , and cos. 72 = sin .18= — j-, — > 
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also. 



V^+l . 



sin.36 + ^— sin.36— ^ = ^cos.36.sin.^ = ^ — ,sin.^; 

1/5-1 . 



sin.7^+^— sin.7^— -^ = 2cos.72.sin.^= — ^ — .sin.^. 
Subtracting the lower equation from the upper, 



sin.(36 + ^)--sin.(36-^ + sin.7^ -^-sin.7g + ^ = sin.^ ; 
.-. sin.^ + sin.36- ^ + 8in.7^ + ^=sin.36+^+sin.72— ^. 

In a similar manner it may be shown, that 



COS. A + COS. 72 +^ + COS. 72— ^=cos. 36 + ^ + cos. 36—-^. 

Thus, let ^ = 1° ; 

/. sin. Y -f sin. 85° + sin. 73** = sin. 87* + sin. 7^, 
and cos. 1° + cos. 73° + cos. 71° = cos. 37° + cos. 35°, 

« 

and if upon trial these equations be not verified, there 
must have been an error in computing the sines or 
cosines of the angles. 

Example. By reference to Hutton*s Tables, we find, 

sin. 1° = .0174524 sin. 37° = .6018150 

sin. 35° = .5735764 sin. 71° = .9455186 

sin. 73° = .9563048 1 5473336 



1.5473336 " 

« 

For further details on this subject, the student is 
referred to the article on Trigonometry, in the Ency- 
clopaedia Metropolitana, by Professor Airy, and to the 
Appendix to Woodhouse's Trigonometry. 



CHAPTER IV. 

SOLUTION OF TRIANGLES. EXPRESSIONS FOR THE SINE 
AND COSINE OF THE ANGLE IN TERMS OF THE SIDES. 

68. The parts of a triangle are six, three angles and 
three sides ; and of these any three being given, except 
the three angles, the remaining parts may be found. 

This proposition may be illustrated by geometrical 
constructions. 

FirsL Let there be given two angles, and one side 
adjacent to the given angles. 




Let ^ C be taken = the given side. 
At the point 5, make L CBA =^ one given angle. 

C, make L B CA = the other given angle. 

Then the lines CA and BA meet in A ; and the vertex 
of the triangle is determined, and the triangle is con- 
structed, i 

Secondly. Let two sides, and the angle included by 
them, be known. 

Let BC he one side; make Z CBA = the given 
angle, and BA = the given side ; join AC ; it is the 
remaining side, and the triangle is constructed. 

Thirdly, Let the three sides be given. 
Take BC ^= one of them, and with centre B and radium 

E 
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BA^ equal to another of the sides, describe a circular 
arc ; and with centre C and radius CA, equal to the 
remaining side, describe another arc, cutting the former 
in ^ ; ^ is the vertex of the triangle. 

Fourthly. If two sides, and an angle opposite to one 
of them, be given. 

Take B C, the given side, which is not opposite the 
given angle, and L CBD, equal the given angle ; with 
centre C and radius CA, equal 
the other side, describe an arc, 
cutting BD in A ; AB C is 
the A required. There is, 
however, in this case, an am- 
biguity when CA is A CB, 
and the angle B acute; for 
then the circular arc, of which 
C is the centre, will meet-^ 
AB again in some point (a), and it will be doubtful 
whether A ABC, or AaBC, be the one required, as 
both fulfil all the requisite conditions. 

Fifthly. If the three angles be given, innumerable 
triangles may be drawn, having their angles the same 
as the given angles. For it ABC be a triangle, having 
its angles A, B, C, equal the given angles, we may, by 
drawing lines parallel to AB, B C, and AC, form as 
many triangles as we wish. Hence the magnitude of a 
triangle cannot be determined, if the three angles be 
alone given. 

69. We proceed to give methods by which the re- 
quired lines and angles may be computed ; but we must 
previously establish the truth of a few propositions, 
which exhibit the relations that exist between the sides 
and angles of a triangle. 
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Relation between the Angles and Sides of the Triangle. 



70. In every triangle, the sines of the angles are pro- 
portional to the sides which subtend the angles. 



"n 



Let ABC be a 
triangle, AD a per- 
pendicular from A, 
upon the base, or 
it produced ; and let 
Ay By C, represent ^ 
the three angles, and 
a, by Cy the three 
sides opposite the 
angles. 





Then, in Fig. 1 , 



. ^ AD . . ^ AD 
sm.B = , and sm. C = 



b ' 



sin.-g _ AD b _ b 

sin. C ~ c AD "" c 



And, in Fig. 2, 

AD AD 

sm.ABD = sin. (tt — 5) = sin.^ = , sin. C = -^ ; 

sin. C c AD c 



or, sin. -6 : sin. C :: b : c. 



£ ^w 
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And by drawing a perpendicular from B, upon A C, we 
may show that sin.^ : sin. C :: a : c, whence we im- 
mediately obtain, sin. J5 : sin.^ :: b : a, 

71. To find the cosine of the angle of a triangle in 
terms of the sides. 

InFigA.AC'^AR + BC-^BC.BD. EucUd, 
Book II. Prop. 13. 

In Fig. 2. AC = AR + BO+2BC. BD. EucHd, 
Book II. Prop. \2. 

Butini^ejr.l.-^-j = cos.B, or BD = BA . cos.B. 

jy T\ 

. . . . Fig.2.-jT-j = cos,ABD = cos.(7r — ^) =— cos.jB; 

.-. BD^-- BA . COS.B. 

Therefore, in both cases, 

AC = AB" + BC - 2AB . BC. cos.B; 

or, 6^ = c* + «^ — 2ca . cos.B; 

z? a* + c'' - y 

.-. cos.^= . 

2ac 

For B write A^ for 6, a, and for a, b, then 

6* + c* - a* 

similarly, 

a« + J2 _ ^2 



cos. C = 



2a6 



72. To find the sine of the angle of a triangle in 
terms of the sides. 



':^ 
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Sin.*^ = (1 — cos.*^ = (1 — cos.^ . (1 + cos.^). 



But, 1 — cos.^ = 1 — 



2hc 2bc 






2bc 2bc "" 26c 

And, 1 + cos.^ = 1 + ^T = ^T 

2bc 2bc 

^ (6 + cf - fl^ __ (6 + c + g) . (6 4- c - g) 4. 
26c 26c • 

. «i« 2 >/ — (^ + * + ^) • (^ + * ■" ^) • (^ + ^ "" ^) • (^ + g — g) 

• • sin* yl — ■ Alt — 9 • 

Let (g + 6 + c) = ^iS; or let «? = semi-perimeter. 
/. g 4- 6 — c =2S '-2c = 2{S — c); 
.(a + c - 6) = 2*5 - 26 = 2{S - 6) ; 
(c + 6 - g) = 215 - 2g = 2(aS' - g) ; 

. ,:„2. 16.<?.(^^g).(^-6).(^-cl 
.. sm. ji — ^^2^ 

/. sin.^ = ^ . 1/5' . (*S - g) . (5" - 6) . (aS - c). 

In the same manner sin. 5 and sin. C may be found ; 
but they may be readily derived from sin.^. 

For B put A, for 6, g, and for g, 6 ; 

.'. sin. 5 = — . VS .{S^a). (S - 6) . (iS - c), 
g c 

and similarly, 

sin. C = ^ . I/aS . (aS - g) . (aS - 6) . (6^ - c), 

73. Given two sides, and the included angle, to find 
the area of a triangle. 



.-i 
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The area of a triangle is half the rectangle on the 
same base and of the same altitude, and is therefore 
equal to half the product of the base into the altitude. 
Hence 

BC X AD acdn.B 



I^ABC^ 



2 "" 2 



or the area of a triangle is equal to half the product 
of any two sides multiplied by the sine of the angle 
included by them. 

74. To find the area of a triangle in terms of the 
sides. 

Since sin: 5 = — V^^. (5- a) . (5- 6) . (5- c); 

a c 

.-. area = ^sin.B = Vs . {S -- a) .{S -- b) . {S - c\ 

which gives the area of a triangle in terms of its 
sides. 

, tan. — ^ — 

75, In every triangle show that 



tan. 



2 



T^ a sin, A 

For r = ;y— T>. 
sm. I> 



Add and subtract unity from each side successively ; 

a -{- b sin, A + sin.^ 



and 



b sin.B 

a — b ^ sin.^ — sin.jg 
b sin.jB 



^ . A-^B A-B 

, T. • A , ' T» ^Sm. pr .COS. y: 

a -h 6 sm. A -f sni. B ^ 2 2 

'a — b sin. A — sin. B ~ ~. A — B A + B 

2 sm. — r; — .COS. 



2 . 2 
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^ 



sin. 


2 


COS. 


A 


2 


B 


COS. 


A + B ^ 
2 


sin. 


A 


2 


B 


tan 


A + B 

■ 2 










tan 


A-B- 





2 

Cor. Since^ + ^=180-C; ••- ^^^ = 90 - ■§, 

- ^ A + B , C 

and tan. — g — = cot. ^ . 

a + b ^°*^1 C ^ . A-B 

tan. — 75 — 

^ jg 

From this formula, knowing a, 6, and C, — ^ — may be 

A + B 
found, and A + B, or 180 — C, is known ; hence — ^ — 

. , J 1 . .4 + 5 J A — B 

IS known, and knowmg — ^ — and — ^ — , we may 

find .4 and B ; since if — ^ — = ^, and — ^ — = y, 
A = p + gy and B = p — q. 

A A A . 

76. To find cos. ^, sin.-^, angl tan.-g, in terms of 

the sides. 

(1.) V cos.^ = — ^^j ; 

^ ' 2bc ' 

, . . b' + ^bc + c'-a' (b + cj-a? 

.*. 1 + cos. A = per = — ^TT ; 

2bc 2bc 
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or 2co8.'j = (^ + '^+:y + '^-") 
2 2bc 

_ 2S .(S-a) 
~ be ' 

X .. cos.g- y jc • . 

^^.; 1 cos.^ - -jy^ _ ^^ 

_ {a — b + c)(a + b — c) 
~ 2bc ' 



^ • . sin. 2 - 1^ 6c ^ 



s^ (3.) /. tan. -^ = 



. sin. -jr 
A 2 



2 ^ 

COS. ^ 



- i/ (-y- fe) • (»!?- g) 
~ K 5 . f5 - ffl> • 



{S - a) 

These formulas, being adapted to logarithmic computa- 
tion, are useful in practice. 



Solution of Right-angled Triangles. 



77. Let^jBCbe the tri- 
angle, C the right angle ; 
let A^ jB, C, denote the three 
angles of the triangle, and 
a, b^ c, the sides opposite 
them, as before. 
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rr»l • V X) C CI 

AB c 

AB c 

. BC a 
tan.^=-^, = -; 

These formulas, with c = l/a^ + b^, will solve any case 
of right-angled triangles. 

To effect the solution, logarithmic tables are made use 
of, and since in these tables the logarithm of each of 
the trigonometrical ratios is increased by 10, we must, in 
practice, subtract 10 from the logarithm of the sine, 
cosine, &c. 

r 

Case 1. Given c, and A, find B, a, and b. 
Since A + B = 90, /. B = 90-^ A\s known ; 

also, sin.^ = -, and cos.^ = - ; 

c c 

J 

/, a = c . sin. A, and b =^ c . cos. A ; 

.•. log.a^= log.c -f- log. sin.^ — 10 ; 
log. b == log. c -f- log. cos. A — 10. 

Case 2, Given A and (a), find c, b, and B. 
l_ B = {90 — A) is known ; 

and sin.^ = - , and tan. A = t; 
•• c b 

.". c = — 5 , and b = ^ ; 

sm.^ tan. A 

,\ log.c = log. a — log. sin. ^ -h 10 ; 
log. b = log. a — log. tan. A + 10. 
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Case 3, Given ^> and b, find 5, a, and c. 

5 == 90 - ^ is found ; 

tan..^ = -; cos.^ = - ; 
b c 

/, a = b . tsLii.A; c = 



cos.^' 

/. log.a = log.b + log.tan.-4 — 10; 
log. c = log. 6 — log. COS. .4 + 10. 

Case 4. Given a and ft, find A, B, and (c). 

Tan.^ = 7; 

.'. log. tan. -4 = 10 + log.a — log. ft; .'. A is known; 
and jB == 90 — -4 may be found ; 

and sin.^ = -, also cos, A = -; 

c c 

a , ft 

.'. c = -: 7, and c = -: — 5; 

.'. log.c = 10 + log.a — log. sin. ^ 
or log.c = 10 + log. ft — log. sin. ^ 

Case 5. Given c and a, find A, jB, and ft. 

Here •.' sin.^ = -; 

c 

,', log. sin. -4 = 10-1- log.a — log.c, whence A; 
and ^ = 90 - ^ ; 

and COS. -4 = -; .'. ft = c . cos.^^. 

c 

.•. log. ft = log.c + log. COS. ^ — 10. 

But 6 may be found without knowing the angles. 
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For c^ = a^ + /^=^; /. h = Vd" - a^ = V{c + a) .{c - a)-, 
.-. log.6 = J {log.(a + c) + log.(c — a)}. 

Oblique-angled Triangles. 

78. The expressions obtained in the preceding pages, 

, . 6^ + c^ — a^ - sin.^ a 

namely, cos.^=— ^^3 , and ^^^^ b' "^ 

those upon which the solution of oblique-angled triangles 
depends ; each contains four unknown quantities, of 
which three being given, the fourth may be found. 

79, Given the three sides of a triangle, to find the 

angles. 

Let A^ jB, C, be the angles, 

a, by c, the sides opposite. 

If ^ (fi ^2 

Then, qo^.A = ttt , whence cos.^, and A ; 

2bc 

but this formula is not adapted to logarithmic computa- 
tion ; but COS. ^, sin.-^ , and tan.-^ are; we may 

therefore make use of either of their values. Now, (see 
Art. 76,) 

COS. ^- y ^^ , 

A 
.'. log.cos.^ =10-|-i{log.AS+log.(»S'— a)— log.6— log.c}. 

And, by substitution, 
log.cos. ^ =10 + i{log.*S'+log.(«S— 6)— log.a-log.c}; 

and 
log. COS, 2 = 10 -h I {log. 5+ log. (aS— c)— log.a— log. b} . 
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Second Method. 



.A a/ 



,„. \S-t),^S-c) 



2 V be 

:. log.sin.-^ =10+|{log.(*S'— &)-flog.(5'— c)— log.ft— log.c}. 
Similarly, 
log. sin, 2 = 10 + J (log. (iS— a) + log.(iS— c)— log.a— log.c | ; 

Q 

log.sin. - = 10 + 1 {log.(*S'— «) + log.(«S-6)— log.a— log.6} . 

Third Method. 



tan. ^ - K ^.(^-a) ' 



Therefore, 



log.tan. - = 10 + |{log.(*S-6)+log.(5'-c)-log.AS'-log.(5'-a)}. 

Fourth Method, 
Since sin.^ = ^ V S .{S-a) .{S-b) .{S-^c), 

(J Lf 

Therefore, 

log.sin.^=10+log.2-log.6~log.c+i{log.5+log.(5-a)+log.(iS'_6)+log.(5-c)}. 

By any of these methods may the angles be found ; 
the last method, however, must not be used, if the angle 
be near 90% since the logarithms of the sines of arcs 
near 90° differ but little. If all the angles be required, 
we may use the third method, since the same factors are 
made use of in every computation. 

80. Given o, and two angles A and 5, find C, 6, 
and c. 
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C =180 ^ {A + B) is therefore known. 

. , b sin. B , c sin. C 

Also - = — ^, and - = -: ;i ; 

a sm.A a sin.^ 

, sin. B •. - sin. C 

/, =i a . — Zi and c = a . -; ^: 

sm. ^ sin. A 

.*. log. 6 = log. a + log. sin. ^ — log. sin. A, 
and log. c = log. a + log. sin. C — log, sin. A, 

81. Given two sides a and 6, and A, find jB, C, 
and c, 

Sin..g _ b 
Sin. ^ "~ a' 

.*. sin. jB = - sin. ^ ; 

.'. log. sin.^ = log. b + log. sin.^ •— log. a ; 

/. B is known, and therefore C = 180 — (^ + jB), 

J sin. C 
and c = a . -; . ; 

.', log. c = log. a + log. sin. C — log. sin.^. 

If A be an acute angle, and a A b, vre shall have two 
solutions ; for B and (180 — B) having the same sine, 
we shall be unable to determine which of the two is the 
correct angle. 

This is termed the ambiguous case. . 

If, however, A be an obtuse angle, then B must be an 
acute angle, and there is no ambiguity. 

Also, if A be acute, and ayb, then, since the greater 
side is opposite to the greater angle, A V B, and there- 
fore B must also be an acute angle; this case is 
therefore free from ambiguity. 

This ambiguous case has already been alluded to ; it 
may, however, be further illustrated by the following 
explanation, and by the use of the annexed figure. 
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Let A be the given angle, CA = b one of the given 
sides, and a Z. b. With centre C and radius *CB = a, 
describe an arc cutting AB produced in D. 




Then •/ Z CBD = L CDB ; /. CBA, which is 
the supplement of CBD, is also the supplement of 
CBB. 

If, therefore, we assume the required angle B to be 
acute, we must take the triangle CD A, which con- 
tains the given quantities, a, 6, and Z A, 

If we suppose the required angle to be obtuse, we 
must take the triangle AB C, which contains a, 6, and 
Z. A, and also Z CBA = 180 - Z CD A = 180-^. 

82, Two sides a, 6, and included Z C being given, 
find c, and -^, and B, 

, A±B 
J tan. — ^ — 

Dince V = -2 ^ ; 

a — 6 ^ A" B^ 
tan. — ^ — 

- tan.-^ = ^^tan.(-^)=^^tan.(90-.^) 

a-6 , C 
= — n cot. T. ; 
a + 6 2 
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jl Jg Q 

:. log. tan. — ^ — = log. (a— 6) + log. cot. ^ — log. (a + &) ; 
whence — ^ — may be computed. 

iiCt ;r = 7W. 

. , ^ + .g 180 - C ^ C 
.-. ^ = 90 + 7w - f , and jB = 90 - m - ^. 

» 

. J sin. C 

And c ^=' a -. ; 

sin.^ 

.'. log. c = log. a -h log. sin, C — log. sin. A. 

82. The value of c may be found without the com- 
putation of A and -B, for c = V a^ -{- h^ ^2ab . cos. C; 
but this formula is not adapted to logarithmic computa- 
tion, but it may be easily put under the proper form. 

(J 
For ••• cos. C = 2 cos.2 t^ — 1 ; 

.-. c' = fl^ + 62 _ 4^ J ^ cos.' ^ ^ 2^5 

= (a 4- 6)2 _ 4^6. COS.' ^ 

4a 6 . cos.^ 5 . 

4a 6 . COS.' ^ 

Let — 7 rr^ — = sin.' 0. 

(a -f 6)' 
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/, c2= (a + by { I - sin.2 fl } = (a H- bf cos.^ ; 
/, c = {a + b) COS. ; 
.*. log. c = log. (a +6) + log. COS. — 10. 

2 COS. ^ V^ 

Also, since sin. = — y ; 

a + b 

/. log.sin.0=log.2 + log.cos. 5 "^ Mlog.a + Iog.ft}— log.(a + 6), 

whence sin. 0, and .*. 0, and c may be found. 

C 
Or, since cos. C = 1 — 2 sin.^ - , 

r 

c^=: a' + b^ -2ab + 4a6.sin.'^ 

= (a — ^)* + 4fab . sin.* ^ 

C 
4fab . sin.* ~ 



i a— 



^^ 



= {a-byil + tan.*0}; if tan.*0 = 



4fab . sin.* 77 
^ 

= (a - 6)* sec* ; 

.'. c = {a — b) sec. 0, 
and log. c = log. (a^b) + log. sec. — 10. 

2sin.g l/a^ 

Also, tan. = 7 tt ; 

(fl — 6) ' 

C 

.-. log.tan.0=log.3+log.sin.^ +iOog.a + log.&)— log.(a— J); 

by either of these formulas may (c) be found. 
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Cor. Since tan. — y^ — = -, tan. — -r — : 

let a = 6 . tan. 0, or -z = tan. ; 

A — B fg. .^v A + B 

.'. tan. — ^ — = tan. (W — 45) tan. — - — 

(J 

= tan. (0 — 45) cot. - ; 

jI ^ Q 

/. log. tan. — 5 — = log. tan. (0—45) + log. cot. ^ — 10. 

And tan. may be computed from the formula, 

log. tan. = log. a — log. J -f 10 ; 

whence may be conveniently found, and therefore 

jI ^ 

— 5 — may be computed from a table of tangents only. 

84, The use of the formulas may be shown by the 
actual solution of a few cases of the triandes. 



Ex. 1. In the right- D 
angled triangle ABCy 

Given b = 85.6 feet, 
^ = 63^25', 
find a. 



Tan.^ = f; 





a 





1 


A. 


c 


a =i b . tan. .^; 





whence log. a = log. b + log. tan. A — 10. 

Now log. b = 1.9324738 
log. tan.^ — 10 = .3006836 

2.2331574 = log. 171.063; 
.\ a = BC^ 171.063 feet. 

F 
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\ 



This problem gives the height of a tower whose 
base is accessible. The distance CA is measured, and 
Z. B AC is observed. 

Observe, the Z BAC is called the angle of elevation ; 
also if a line BD be drawn from B parallel to CAy the 
L DBA^ is called the Z of depression of the point -^. 

Problem 1. Find the height of an inaccessible object 
standing upon the horizontal plane. 




A, a place from which B is visible, observe the angle 
BAC I measure AD, {D being a convenient place for 
observing 5, and AD in the same direction as CA,) and 
observe the angle BDC. 



Then, 
BC ^ A B. sin. J. But4^=-T""-^ 



sin.D 



AD sin. ABD sin.iA-Dy 

.-o AD. sin.D y -d n AD .sin.D .sin. A 
/. AB = -. — r:; ttx , and BC = - 



sin.(^-i>) 



sin. {A - D) 



Ex. 2. Let / ^ = 60«, and AD = 100 feet. 

zD = 45°; .-. A-D= 15^ 

7j ^ __ 100 . sin. 45 . sin. 6 

Sin. 15 

Therefore, 
log.5C = log.lOO + log.sin.60 + log.sin.45-(log.sin.l5+10); 






EXAMPLES. G7 



Log. 100 = 2.0000000 
Log. sin. 60 = 9.9375306 
Log. sin. 45 = 9.8494850 

21.7870156 
(Leg. sin. 15-1- 10)= 19.4129962 



2.3740194 = log. 236.601 ; 




.-. 5 C = 236.6 feet. 

Problem 2. Two inac- D 
cessible objects, JD and C, 
are both visible from each 
of the two places A and jB, 
whose distance is known, 
and each of which is visi- 
ble from the other. Re- 
quired the distance CD. 

Observe the Z. CAD^ o, and Z. DAB = j3 from A ; 
and LBBC^ o,, and L CBA = /3, from B. 

Let AB = a. 

• Then, i^ we can find DAmiAC.oxDB and B C, 
the problem is reduced to this ; find the third side, 
when the two other sides, and the angle included by 
them, are given. 

TkT • A ryJry'CA Bin, CBA Sin. 6, 

Now m A CAB, -^-^ = -. — -r^^j^ = -, — -f^ . 

AB sm, A CB sm. A CB 

But 
ACB = 180 - {ABC + CAB) = 180 -(j3, + a -f /3); 

.-, sin.^C^ = sin. (a + /3 + /3,) ; 

._ a . sin.^, 
•• ^^^-sin.(a + /3+/i,)' 
f2 



-J 
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And in A DBA — = sm.ABD _ sm.(a, + /3,) . 
^'"^'^'^^^^'AB sm.ADB- sin. ^ 2)5 ' 

ADB = 180 - {ABD + BAD) = 180 - (a, + ^, + /3) ; 

.-. sin. ADB = sin. (/3 + /3, + a,) ; 



.'. AD = a . — 



sin. (o, + fi,) 



sin.(/3+^,+ «,)' 

And thus knowing AC and ^2), and Z. CAD, we 
may, by means of a subsidiary angle, compute CD. 

Ex. 3. The sides of a triangle are 425, 681, and 
324 feet ; find the angle opposite to the greatest side. 

Let a be the greatest side, and therefore A the 
greatest angle. 

Now log. cos. g = 10 + M log. S + log.(5' — a) — log. b — log.c} 



a= 681 
6= 425 
c= 324 

25 = 1430 

S= 715 

S-a= 34 



log. 5 = 2.8543060 
log.(5- a) = 1.5314789 

2 )4.3857840 
2.1928924 



log. 6 = 2.6283889 
log.c = 2.5105450 

2 )5.1389839 

2.5694669 
2.1928924 



.3765745 



.% log. COS. I = 10 - .3765745 = 9.623*255. 

Whence ^ = 65" 9' 16", and 4 = 130° 18' 32". 

B may be found from sin .5 = - . sin.4, and C = 180 — (4 + B). 

£x. 4. To find the area of the same triangle. 
Area = Vs .{S - a) .{S ^b) .{S - c). 
log. area = | {log. «S + log. {S—a) + log. {S — b) + log. (JS — c) }. 
S = 715, 5 - o = 34, 5' - ft = 290, 5 - c = 391. 
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(S) 



log. .S = S.8543060 
\og.{S-a)= 1.531+789 
log. {S-b) = 2.4623980 
log.(S-c) = 2.5921768 

2)9.4403597 



4.7201798 = log. 52502.5 ; 



.*. area = 52502.5 square feet. 

Ex. 5. Two sides of a triangle are 891.6 and 732.8 
feet, and the angle opposite the greater is 72° 8' ; find 
the angle opposite to the less. 

A the greater and B the less angle ; 

.*. sin.B ^ - . sin.y^; 
a 

log. sin. ^ = log. 6 — log. a + log. sin. -^ 

= log. sin. ^ — (log. a — log. 6) ; 



a = 891.6 

b = 732.8 

log.a = 2.9501701 
log. b = 2.8649855 

.0851846 



^ = 72° 8'. 



log. sin. ^= 9.978533» 

.0851846 



.-. log. sin. i? = 9.89334«8 



.-. B = 51" 28' 3". 



Ex. 6. Two sides of a triangle are 85.63 and 78.21 
feet, they include the angle 48° 24'. Find the remain- 
ing sides and angles. 



a = 85.63 
b = 78.21 



C= 48° 24' 
.\J + B= 131° 3f>'. 
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a + b = 163.84 
a - 6 = 7.42 



-^=24" 12' 



2 



= 65" 48'. 



■A-B 



Now log.tan. { — 5 — ) = log.cot. ^ + log.(a — b) — log.(rt 4-6); 



log. cot. ^ 



= 10.3473497 



log.(a-J)= (^.8704039 

11.2177536 
log.(a + 6)= 2.2144199 



>• 



9.0033337 —Iog.tan.5'45' 15"; 






and 



A-B 


2 
J + B 



2 



= S^'^yiS"; 



= 65° 48'; 



/. ^ = 7r 33' 15", and 5 = 60^ 2' 45''; 



J «n. C 
and c := a . -: :>: 



^ 



/. log.c = log. a 4- log. sin. C — log. sin. ^. 

Whence (c) may be found = 67.502. 
But to compute (c) independently of A and 5. r 

By Art. 83 we have, 

log. c = log.(a + 1) 4- log. cos. 6 — 10 ; 

C ' "' '" 

log. sin. 6 = log. 2 -f log. COS. ^ + J { log. a + log. J };-r log.(a -f t) ; 



2 



'i' T-V 






s^ A 



-♦ X- 



]og.a=l.l 



xo 



NSvV.st;; 



2)3.8258882 
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log.2= .aOlOJQO 



1 .9129141 j 

=1 



c 

log. COS. -^ s 9.9600520 

1.9129441 



12.1740261 
I<^.(a+6)=2.214il99 

log. sin. = 9.9596062 = log. sin.65*kV 10"; 



.-. e = 65' 40' 10". 



log.(o + ft) = 2.2144199 
log. cos. e = 9.6148976 

11.8293175 
10 



.-. \og.c = 1.8293175 = log. 67.5021 ; 
or <; = 67.5021 feet. 

Ex. 7. Find the area of th^ame A. 

ab . sin. C / * ^ «« \ 

V area = 5 .... (Art. 73.) 

,*. log. area = log. a + log. 6 + log. sin. C — (10 + log. 2). 

log. a = 1.9326259 

log. 6= 1.8932623 

log. sin. C= 9.8737844 

13.6996726 . 
10 + log.2 = 10.3010300 

.-. log. area = 3.3986426 =» log. 2504.047; 
.*. area = 2504,047 square feet. 
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(1.) Right-angled triangles ; C = 90, 



Given b = 469.34 ) a = 588.7 

Given^'c = 4184 ) o =r 3252 A 

i = 2632 1 •'• ^ = 51M'8' 

Given a = 851 ) ^ = 48° 7' 16'' 



= 469.34 j 
A = 5P26'17"1 •• c = 752.9 



►'/ 






i = 763 J • • c = 1 142.9 



(2.) Oblique-angled triangles. 

Given a = 785.8 
b s= 720.8 
c = 643.2 

Given b = 720.8 

^ = 70° 5' 22" 
B = 59° 35' 27' 

Given c = 697 

A = 81° 30' 10' 
B = W 80' 44' 

Given a = 874.56 ^ ^ = 44° 29' 39" . 5 



fff 



)" 

I// 



A = 7(y5' 22" 
C = 50° 19' 11" 

a = 785.8 
c = 643.2 

a = 813. 
b = 534. 



b = 859.56 V .'. -B = 43° 32' 10" . 5 
C = 91° 58' 10" j c = 1247.14. 

; It is obvious, by changing tbe given quantities into 
required ones, that from these examples we may make 
very numerous illustrations of the formulas. 

* 

85. To these numerical results we will add a few 
questions, illustrative, of the formulas contained in the 
preceding pages. 






..i5i::S;5S^ 
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Prob. (1.) The angles, A,B, C, of the triangle ABC 
are as the numbers 2, 3, 4, respectively ; show that 

2 cos, TT = —7 — . 
^ o 

3A 
It is obvious that B = -pr-, and that C = 2 A. 

2 



Now, sin.^ -f sin.C= 2sin. 



^4- C 



. cos. 



2 



But — ^— = — = 5, and — ^— = ^ ; 

.*. ^sin.^ . cos. ^ = sin. C + sin.^ ; 
^ -4 sin.C sin^ c a ^c-\-a 

• m Z COS. 7" — -: r=^ -f- -7 f) — T "t" T "~ 7 — • 

2 sm.B sin.i) bo b 



(2.) The elevation of a tower is observed. At a station 
(o) feet nearer the elevation is the complement of the 
former ; {b) feet nearer still, it is double the first eleva- 
tion. Show that the height = 1/ (a 4- 6)* — ^ . 



AB 
BC 
CD 
ED 



a. LEAD 

b. LEBB 
X, lECD 



= h. 




L) •• 



Then Z. CEA = Z CAE ; .-. CJS = C^ = (a 4- b). 

And A' = (a 4- ft)^ - a;^ = (a 4- J + a?) . (a + ft - a?). 

But tan.0 = 



* ,andtan.(90-fl) = cot.fl= ^ 



a 4- ft 4" Jf 



ft 4- a;' 



•« 
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h b -\- X 






a-\-b -{- X h ' 

/. /i2 = (r/ + 5 + a?) . (i 4- ^) = (a + J + ^) . (a -f- & — a?) ; 

/, ^ 4- « = a 4- 5 — X ; /. 2aj = a, and Jc = 5 ; 



.-. A=\/(a + 6)«- J. 



4 

(3.) Given the perimeter of a triangle and the ratios 
of its angles, find the sides. 

Let P be the given perimeter ; 

A, B, C, tlie angles, and a, b, c, the sides. 
LetB = mJ,C=nA; .: A + S+C = ir = {l+m + n)A; 

.•.^= , . ^ . ■,B= , ."'^ ; C= """ 



1-fwi-f^ 1+7;^. 4-w' l-hw + «' 

ajid the angles are known. 

ButP = fl4-i.4-c = a{lH 1--[ =a|l + -^ — >+ -. — >} ; 

^ a a) ^ suuA sin.^> 

Psin.^ 



.'. a = 



sin.-^ 4- sin.i5 4- sin.C 

n T% - A. A. 

%F%\xi.-^ , cos. -~ 
. A 7b C 

^COS.-pr . COS.77 . COS.7^ 

2 2 2 

P. A 
. sin.-= 

2 



Scos.^. cos.- 



whence b and c may also be found. 

(4.) The sides of a- triangle are three consecutive 
numbers, and the greatest angle is double the least ; 
determine the triangle. 
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Let A be the greatest and C the least angle ; and 
let {x — l)a, J?CT, (a? + 1) . a, be the three sides, c, 6, a. 

^, sin.^ sin. 2 (7 ^ ^ x 4- 1 

Then -: — -^ or — : — 7= = » cos. C = 3 . 

sm.C/ sin. 6 x — 1 

But ^cos.C = ^^ — , . .\ = — I , ,v = — —J ; 

a?— 1 x-f 1 

and the sides are as the numbers 4, 5, 6 ; the factor (a) 
may be of any length, a foot, a yard, a mile. 

(5.) Three sides of a quadrilateral inscribed in a circle 
being given, find the fourth, it being the diameter of 
the circle. 

Let fl, 6, c, be the given sides, 

2-^, 25, 20, the angles they subtend at the centre, 
X = the fourth side = 2r, r being radius of circle. 

Then 2^ 4- 25 4- 2C = 180 ; 

.-. ^ 4- 5 4- = 90, and C = 90 - (^ + 5). 

But a = 2r sin. -4 = x sin.-4 ; and h = x sin. 5 ; 
c = jrsin.C'=JCCos.(-4 4- E) =^x{cos.j4 . cos.5 — sin.y/ . sin.7^; 

. £=1/1 _^ 1/731' «.(i^^ 



.-. - 4- -o = 1/ I — — -3 — 4- — 
X x^ ^ sr X 



4- h^ . fl'^\ 

4 » 



/. ar» - (o« 4- ^* 4- c«)a7 - 2a6c = 0, 
a cubic equation having but one real root. 
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If a = b =i c, X = 2a, which is obvious, since the 
figure becomes the half of a regular hexagon. 

(6.) Given the two diagonals of a quadrilateral field, 
and the angle at which they intersect ; find the area of 
the field. 

Letz^£i)=0,^C=S,5Z)=S,. A 

Then area of 

AE sin. e 



^JDB = S. 



2 




A»r»n ^ CE xsin.O *< 
^BCn=zS,. ^ ; D 

/. quadrilateral 

#w 2 

(7.) Three places, A, B^ C, being given in the map 
of a country, it is required to determine the position 
of a fourth point Z), the angles BDA, BDC, being 
known. 

AB^a. L BBA ^ a, L BAD = 6. BD =x. 
BC^b. aBDC = I3. /.BCD^i^. 
AC ^c. 

Then Z ABC may be computed from the three given 
sides a, fr, c. 

And V Z. ^ + Z. i) + Z. ^ 4- zl C = 27r; 

.-. fi-|-a-H/3-|-fl + = 27r; .•.0 = ^—6; 

where m = ^tt — (J? + a + /3). 

-r, . ^ sin. 6, J J? sin. ^.^. 

But - = -. (1) ; and - = - — g (2) ; 

a sm.a^ '^ b sin.p ^ 

a.sin.j3 _ sin.0 sin.m — O sin.m. cos. 6— sin. 6. cos. w^ 

** 6. sin.a"~ sin. 6 "" sin. 6 "" sin. 6 ' 
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.'• sin.m . cot. a — cos.wi = 1 . -: — «- ; 

bill, a 

, /i cos.m a . sin. 3 cos. w» . cos.n 

/• cot. 6^ = -: h r : V- = -: f- -: , 

sm. m . sm. a . sin. m sin. m sin. tz 

, I . ^ a • sin. 

by makmff cot. n = r — ; ^r ; 

•^ ° o.sm.a.sm.w 

/. cot. B = -; — — ; — — , whence 6 may be found. 

sin. m . sm. n '' 

And {pc) ox BD can be found from equation (1). 

Also, in the L. ABDy the side AB being given, 
and BB and L ABD being computed, AD may be 
found ; and in a similar manner may the value of D C 
be obtained, and thus the position of D completely 
determined. 

(8.) Find the altitude of an object above a horizontal 
plane, by means of three observations taken from^ three 
given points in the same straight line. 

D 




D the object. 

A, B, C, the places of observation. 
DE the altitude required = h. 
AB = a, Z DAE = a. 
BC = b, /. DBE = /3. 
L DCE =7. 
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Then AE = A. cot. a, 5^ = A.cot./3, C£ = A . cot. y. 



But COS. ABE = 



2AB . BE 
EB' + BC-C^ 



cos.EBC==-cos.ABE = ^eB.BC 

AW + BE? - AE ^ E& + BC*- CE> 

AB ~ BC ' 

6.(a» + /t*.cot.«/3-A*.cot.»a) = -o(A«.cot.«/3 + i»— A».cot.»y); 

h*{a . cot.«y + b . cot.'a — (a + 6) cot.«/3} = a*6 + oJ' ; 

« 

,., A = i/ (^ + b)ab 

Coai If ft = a, or the observations be made at equal 
distances, 

Then A = a l/ — ri — ; ri 

y cot. a -f cot. 7 — 



7 - 2cot.^/3* 



EXAAft'LES. 



1. In any triangle of which the angles are A, B, C, 
and sides a, b, c, show that 

(l.) c = — 7 : — 7 7L=a, (cos.J?+sin.-B.cot.-^ 

^ ^ cos.^-l-sin.^.cot.C ^ ^ 

= b . cos.^ ± \^a^ — b^ . sin.^-4. 

a.sin.C 
(2.) Sin.^ = ^^, ^^_g^j^^^^ 

_ sin. C { 6 . COS. C ± Vc'-b'.ain.'C) 

C 

A B 

(3.) Also, cot. ^ : cot. g:: 6 + c — a : a-fc — 6. 

(4.) .... sin. {A ^ B) : sin. C : : a^ — b^ : c*. 
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2. Find the area of a parallelogram, two of its sides 
being 425 and 320 feet, and smaller Z. = 18* i)i\ 

Area = 42477.54? feet. 

3. Each side of a rhombus is 47 yards, and one angle 
is 45° ; find its area. 

Area = 1966.44. 

4. The diagonals of a parallelogram are 40 and SG 
feet, and the angle of intersection is 30° ; find area. 

Area = 40 yards. 

5. The side of an equilateral four-sided figure = a, 
and one of the angles is 45°; show that the two 

diagonals are respectively, a V^24- V2 ^^^ ^ "^2— t/jj. 

6. Find the area of a square, when the difference 
between the diagonal and the side = m feet. 

7. Given the hypothenuse of a right-angled triangle, 
and the sum of the other two sides ; find the sides and 
angles. 

Ex. Let c = 500 ; a + i = 700. 

8. The area of an isosceles triangle = m* ; the base 
= 2 c ; find the angle B at the base. 

5= tan. -'(5). 

9. In the triangle ABC, lake a point 7), join DA, 
DB,DC. Given AB, AC, L ABD, L A CD, and 
Z 52)C; find jBC. 

10. Given c, the base of an isosceles triangle, and p, 
the perpendicular from one of the equal angles upon the 

opposite sides ; show that area = — ^- , . 

4vr— ;)^ 

11. The perimeter of a right-angled triangle is twelve 
feet, the area six square feet ; find the sides. 



ym, 
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12. The angles of a triangle are as the numbers 1, 2, 
S ; and the perpendicular from the greatest angle upon 

the opposite side is (p). Show that the area = — ^ . 

13. Given in a right-angled triangle, the lines drawn 
from the acute angles to the bisections of the opposite 
sides ; find the angles. 

14. From the top of a hill there are observed two 
consecutive milestones, on a horizontal road, running 
directly from the base. The angles of depression are 
found to be 45** and 30** ; find the height of the hill. 

15. If d be the angle between the diagonals of a 
parallelogram whose sides a, b, are inclined at an angle 

A to each other ; then tan. = — = — ji— . 

a^ — V 

16. The angles of a triangle are as the numbers 2, 3, 
and 5, and the side opposite to the greatest angle = 100 
feet ; find the remdning sides and the angles. 

17. In every triangle show that 

c = a cos. B •\- h COS. A. 

18. Prove that the area of a triangle 

^ g' -h y + c' 

4 (cot. A -f cot. B + cot. C) * 

19. If CD bisect AB in the triangle AB C, 

CD^\ V2 (a* + ^«) - c». 

20. Find a point within a triangle from which the 
three sides shall subtend equal angles. 

21. Given the perimeter and the area of a triangle 
and {A) ; find a. 

22. Given the area, angle (C) and a -\-b\ find the 
sides. 



\ 
\ 
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23. Given the area, side c, and A '\- B ; find A — B, 

24f, If Z = length in miles of an arc of a great circle 

of the earth, D the depression in feet of one extremity 

2 
of it, below a tangent to the other, Z) = ^ . Z*. 

o 

25. Wishing to find the distance between two objects 
inaccessible from each other, I took a station 562 yards 
from one, and 320 yards from the other ; , the angle 
which the objects subtended at it was 128^4'; find the 
distance. Ans. 799.89. 

26. A person standing on the edge of a river takes 
the elevation of a tower on the other side, close to the 
water, and finds it 55° ; receding 30 yards in a direct line 
from the tower, he finds the elevation to be 48° ; find 
the breadth of the river. Ans. 104.93 yards. 

27. From the top of a mountain a miles high, the 
visible horizon appeared depressed JP; required the 
diameter (2r) of the earth, and the distance {d) of the 
horizon. 

A A 

d = a cot. ^ ; r = a cot. — . cot. A. 

Ex. Let a = 3 mUes, A = 9? 13' 27". 
Then i = 154.54 ; 2r = 7958 miles. 



o 



CHAPTER V. 

AREA OF QUADRILATERAL INSCRIBED IN A CIRCLE. 
AREA AND PERIMETER OF CIRCUMSCRIBED AND IN- 
SCRIBED EQUILATERAL POLYGONS. 

86. Find the area of the quadrilateral inscribed in 
a circle in terms of its sides. 




Let a, 6, c, rf, be the sides of the quadrilateral J£ CD, 
A, B, C, 2), the four angles. 

Then ABCD =^ ^ ABC + A ADC 

ah . sin.^ cd . sin.Z) 



2 



2 



But -B + jD = TT ; .*. sin. J9 = sin.(7r — jB) = sin.^; 

ab + cd 



.*• area = 



2 



. sin.^. 
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To find sin.B. 
JCzzz a'-H b'— 2ab . cos.B, also = c'+d'^ 2cd . cos.Z). 
But cos,D = cos. (tt — 5) = — C0S.5 ; 
/. (f-hd^-h 2cd . C0S.5 = a^ ^ 6^ — 2ab . cos.5 ; 

.-. C0S.5 = ^/ , . — 7j — -^ ; 

2{ab 4- cc/) ' 

"^ 2(a6 + (je/) ■" 2(a6 4-(?d) ' 

/. (ab + co) . (1 H- C0S.5) = ^^ o — ' 

1 n c' + d' + 2cd-{a'''2ab'{'b') {c-\-d?'-(a--by 

•'• (aJ + (?a) . (1 — cos.^) = ^^ ^—^ ^ . 

Whence, if 

2S = the sum of the sides = a + 6 + c4-rf; 
.-• {ab + cd) • (1 + cos.^= ^S^d)^{S-c) ^ g^^_^^ ^ ^^_^ . 

{ab + cd) . (1 -cos.^= ^^^^\ ^^^""^ = 2(.y-a) . {S^-b) ; 
.-. aJ + (jdP . 8in.'5 = 4(>Sr-a) . {S-b) . (5'-c) . (/S'-d); 
/. area = ^1±SA. sin.5= V{S--a) . {S-b) . (^S-c) 1 {S-^d). 

CoR. If d = 0, the quadrilateral becomes a triangle, 

and the area is l/(/S— a) . (aS— 6) . (*? — c) /S, which has 
been obtained before. 

g2 
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TRIANGLE AND CIRCLE. 



87. Find the area of a triangle in terms of the radius 
of the inscribed circle. ^ 

ABC the triangle, the centre 
of the inscribed circle. Join Oa, 
Ob, Oc; a, b, c^ being the points 
at which the sides of the triangle 
touch the circle. Hence Oa, 
Obf Oc, are perpendicular to the 
sides. B 

Let (r) be the. radius, and a, b, c, the sides of the 
triangle. Now 

^ iv A fy 




=s S . r, where S = 



a-h b + c 
2 



or the area = product of the radius and semi-perimeter. 

CoR. Let the angles be given and the sides required. 
Now, by construction, Euclid, Book IV. Prop. IV., 

Z OBa =^ -> and Z. OCa = ^. 

2 2 

^ Oa ^ B .Oa ^ C 
i3ut ^Fs- = tan. -^ , and -j^ = tan. ^ ; 



Ba 
.\ Ba = 



Ca 



Oa 



B 



Ca^ 



tan. - 

Oa 

C 

tan.- 



^ = r.cot.^; 



= r . cot. 77 ; 
2 



.% a =i Ba + aC =i r \ cot. ^ + cot. — | • 



C 



cot. g + cot. - \ . 
cot. ~ + cot. — \ . 



TRIANGLE AND CIRCLE. 
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Cor. 2. If the radius of the inscribed circle be re- 
quired. 



Since area = VS . (S—a) . {S—b) . {S—c) = also 8 . r\ 



' »^ 8 

88. Find the area of a triangle in terms of its sides 
and the radius of the circumscribed circle. 



ABO the triangle, 
BOR the diameter of 
the circle, BD perpen- 
dicular to AG. 

Then Euclid, Book VI. 
Prop. C. 

ABxBC^BR.BD, 

or BD = 7c~ , where 

R = radius of the circle. 




But area = 



AG X BD h X BD abc 



2 



2 



472" 



Cor. 1. To find the sides and area in terms of the 
angles and the radius. 

Since a.(j = 2R . BD = 2R x c . sin.-^; 

/. a = 2R , sin. A. 

Also a,c = 2R x a . sin.C ; since BD = a • sin.C; 

/. c = 2R . sin. C, 

J - sin.^ ^ „ , . siii.B ^ „ - n 

and 6 = a . - — ^ = 2R . sm./f x -: — ^ = 2ic . sin.^. 



area = 



Hence, 
8 JB* . sin.^ . sin. 5 . sin.C 



472 



= 2R^ . sin.-^ . sin.S . sin. (7. 
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EQUILATERAL POLYGON* 



Cor. 2. If JB and r be the radii of the circumscribed 
and inscribed circles, and a, b, c, be the sides, then 



a •\- b + c abc 

— r = area = 



2 



.\ Rr = 



4/2' 



abc 



2(a + b -{- cY 



89. Find the area of an equilateral polygon of {n) 
sides inscribed in a given circle. 

AB one of the sides, O the centre of the circle. 
Draw ON perpendicu- 
lar to ABf and join OA, 
OB; then, by drawing 
lines from O to the an- 
gular points of the poly- 
gon, it may be divided 
into as many equal tri- 
angles as the figure has 
sides, and the area of 
the polygon will equal 
the sum of these tri- 
angles. 

.-. Polygon =n.AOAB= ""^^^ ^^ =nON. AN, 




2 



for AB = 2 AN. 



Now the angles at the point 0=4 right angles = ^ir ; 

.-. AOB =- of the Z.^ at O = ^— ; 
n n 

:. AON =^\ L AOB^^-. Let ^0 = rad. = r. 

?5 n 



EQUILATERAL POLYGON. 
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TheD, --TP. = sin. ji ON, or AN = r . sin. - ; 
AO n 

-rFk = COS. A ON, or ON = r . cos. — ; 

AO ' n 

, . IT IT »r* . /^irx 

/. area = nr* . sm. - . cos. - = -7^ . sm. ( — ) . 

n n 2 \ n / 



IT 



The perimeter = n x AB = 2nAN = 2nr . sin. - . 



n 



Ex. Find the area of a regular octagon inscribed in a 
circle. 

Here » = 8, — = -5- = 45. 

w o 



8r» . 



1 



Area = —-. sin. 45 = 4/^ :j^ = ^V^ . r» ; 

/• area : (rad.)' :: 2V2 : 1 :: 1^8 : 1. 

90. Find the area of a regular polygon of n sides 
described about a circle. 




AB one of the sides, ON the radius, and therefore 
perpendicular to AB at N. 

n. ON.AB 



Then polygon = w . A OAB = 

= n.AN.ON. 



2 
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Let ON=r, also lAOB=— , and jL AON = ^. 

n n 

AN w 

Then tt-t? = tan.^OiV = tan. -: 
ON n ' 

/. AN ^' r . tan.- ; 

n 

and area = wr* . tan. - . 

n 

The perimeter = n .AB = 2nr . tan. - . 

91. To find the area of a regular polygon in tinns of 
its side. 

Let the given side A B == a, then {see preceding 
figure) bisect each of the angles A and -B, hy AO, B 0, 
meeting in O ; draw ON Al AB. 

ThenZ^05= — ; lAON^'^. 

n n 

Polygon = w . A OAB = n . AN. ON 

ON 



= n . AN^ . 



AN 



no? ^ IT 
^ -J- . cot. - . 

4 71 

Ex. (1.) Triangle = -x- • cot. ^ = — j — . 

{2.) Square = -j- . cot. j = a^ 

/Q\ XT 6q;* , it 3a»l/3 

(o.) Hexagon = ^-- . cot. ^ = — ^ — . 

92. H^nce we may compare the areas of the inscribed 
and circumscribed polygon. 
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A r • •111 81D« — • COS* — COS* " 

Area of inscribed polygon __ n n n 

Area of circumscribed polygon * *" ^ 

' n 

Now, as (n) increases, - decreases ; and when (n) be- 
comes infimtely great, - is infinitely small, and cos. - = 1 . 

Therefore, when the number of sides is infinitely 
great, the inscribed and circumscribed polygons are 
equal. But the circle includes one of these areas, and 
is included by the other; when, therefore, the two 
limits become equal, it is also equal to either of them ; 
or the area of a circle is equal to that of the inscribed 
polygon, whose sides are infinite in number. 

Now, the area of inscribed polygon = -5- . sin. — 

sm. f — J g 

= irr* X ^ ; and when n is infinite, — and 

sin. — are each = ; we must therefore find the ratio 
n 

between the sine and arc at the time they vanish. 

But J 7 sin. A, L tan. A. 

T> , sin.^ cos.-^ 1 .i. ^ t\ 

But -J = —^ — = 7 , if /f = 0, 

tan.^ 1 1 ' 

or the sine and tangent are ultimately equal. Hence 
A^ which lies between them, is ultimately equal to 
either of them. 

. ^ir 
sm. — 

— = 1 when n = infinity. 

n 



• • 
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Therefore the area of a polygon of an infinite number 
of sides inscribed in a circle = irr*, which is therefore 
the area of the circle. 

Hence, also, the perimeter of the circle = 2wr . sin. - 

n 






sm. 
= 2irr . = ^Trr, when n is infinite* 



EXAMPLES. 



(1.) If a, J, c, dy the sides of a quadrilateral in- 
scribed in a circle, be in arithmetic progression, area 

= Vahcd. 

(^.) Also, show that when a quadrilateral is capable of 
having one circle inscribed in and another described 

about it, area = Vahcd. 

(3.) Given the perimeter of a right-angled triangle, 
and the radius (1) of the inscribed (2) of the circum- 
scribed circle ; determine the sides. 

(4.) If (D) and (rf) be the diameter of the two circles, 
and [(a) (6) the sides which include the right angle ; 
show that 2) 4- rf = a 4- i. 

(5.) If the side of a pentagon inscribed in a circle 
be 1, the radius = ^t . 

(6.) If a, 6, c, be the sides. Ay B, C, the angles of a 
triangle, and R be the radius of the circumscribing 
circle 

a cos. A + h COS. 5 + c cos. C = 4 JB sin. A . sin. B . sin. C. 

(7.) Find the actual value of a side of a twenty-four- 
sided regular figure inscribed in a given circle. 
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(8.) The area of a regular hexagon inscribed in a 
circle is a mean proportional between the areas of an 
inscribed and circumscribed equilateral triangle. 

(9.) The square of the side of a pentagon inscribed 
in a circle is equal to the sum of the squares of the sides 
of a regular hexagon and decagon inscribed in the same 
circle. 

(10.) If R and r be the radii of two circles, one de- 
scribed about, and the other inscribed in, a triangle, the 
distance between the centres = l/JB* — 27Jr. 

(11.) Three equal circles touch each other ; show that 
the space between them is nearly equal to the square 
described upon a fifth part of the diameter; find the 
area when the circles are unequal and the radii as the 
numbers 1, 2, 3. 

(12.) Given AB = a,BC=b, CD^c, three sides of 
a quadrilateral, and L ABC ^ d^ L B CD = ^ ; show 
that twice the area = at sin. + ci sin. t^—ac 8in.(© + ^.) 

(13.) ABCD is the circumference of a circle, O its 
centre from C, draw a tangent'to the circle meeting the 
radius OA produced in P, join PD ; then if CP = a, 
DP = b, = the angle formed hy DP and a tangent 
at 2); 

r = — ^-r— . cosec. d ; r being the radius of the circle. 



CHAPTER VI. 

« 

THEOREM OF DE MOIVRE. SERIES FOR SIN. 97} a, COS. ma, 
AND TAYH, ma. SERIES FOR THE POWERS OF THE 
COSINE AND SINE IN TERMS OF THE COSINES AND 
SINES OF THE MULTIPLE ARC, &C. 

93. The important theorem of De Moivre is, that 
(cos. a + V — 1 sin. o)*" = cos. ma + V-^-l sin.ma, whe- 
ther m be integral or fractional, positive or negative. 

(1.) For (cos. a + V^^l sin.«)' 

= cos.^a — sin.^a + ^V^— 1 sin. a . cos. a 
= cos.Sa + l/— 1 sin. 2a. 

And .'. (cos. a + V— 1 sin. a)' 



= (cos. 2 a 4- V'—l sin. 2a) x (cos. a + V^— 1 sin.a) 
= cos.2a • cos. a — • sin.2a . sin.a 

+ 1/— 1 (sin. 2a . cos. a + sin.a . cos.2a) 

= cos. 3a + V— 1 sin. 3 a. 

And hence it is manifest we might assume that 
(cos. a 4- V— 1 sin.a)'"= cos. ma + V— 1 sin. ma. 

But to prove strictly the truth of the formula, let us 
assume that 



(cos. a + V^— 1 sin.a)"*"'= cos.w— 1 a 4- l/— 1 sin.m — 1 a. 

Therefore, 
(cos. a + V— 1 sin. a)*" = (cos. wi — 1 a + V— 1 sin. m — 1 a) 

X (cos. a 4- K— 1 sin.a) 



= cos. w — 1 a . cos. a — sin. w — 1 a . sin. a 

4- V^— 1 (sin. w — 1 a . cos.a 4- cos.m — la. sin. a) 

= cos.ma 4- V— 1 sin. ma. 
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Hence, if the assumption for the index m — l be 
correct, the formula holds for the index {m) ; i, e. for 
the next superior index. But it has been shown true 
when w = 2, and also when m = 3 ; it is therefore true 
when wi = 4, w = 5, &c., and so, by successive induc- 
tions, may be shown to be universally true, so long as 
m is an integer. 

(2.) Next let the index be fractional, and let ma = nb. 

.*. cos.ma 4- V^— 1 sin.wia = cos.nb + V— 1 sin.wi, 
or (cos. a + V^— 1 sin. a)*" = (cos. b + V— 1 sin. J)\ 



m 



Therefore (cos. a + V— 1 sin.a)** = cos. J + V^— 1 sin. J 

= cos. — + V — 1 sm. — . 
n n 

(3.) Let the index be negative = — m. 

Now (cos. a 4- V^ — 1 sin. a)"*" = ,y — - , — — 

^ ^ (cos.a + V^-lsin.a)*" 

__ 1 __ cos.ma — 1^— 1 sin.wa 

"" cos.ma + V^ sin. ma "" cos.'ma + sin.*ma 

by multiplying numerator and denominator by 

cos.ma — V— 1 sin.ma; 

• 

.". (cos. a 4- V— 1 sin.a)""*= cos. ma — V^— 1 sin.ma 

= cos.(— ma) + V— 1 sin.(— ma) 

since cos.(— ^ = cos.-^, and sin.(— -^ = — sin.-4. 

Therefore, whatever be the index (m), 



(cos.a + V^— 1 sin.a)*" == cos.ma + V--1 sin.ma. 
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94». Expanding (cos. a + V— 1 . sin.o)*" by the bino- 
mial theorem, we have, 



cos 



.ma 4- V^— 1 . sin.wa = cos.*"a' 



+ m V — 1 • cos. a . sm. a — m — ^ . cos. a . sin.'a 



mm — 1 w — 2^/ — ; OT-s 



1.2.3 



t/^l. 



s. 



cos. a . sin. "a 



+ :j ^ 5 T — • COS. a . sm. a + &c. 

Hence, equating the real and imaginary parts of this 
equality respectively, we have 



fn-\ . mm — \m — 2 ^-s • • . o 

sm. m a = 97) . cos. a . sm.a — :j ^ ^ — . cos. a . sm.' a + &c. 

And cos. ma = cos.*"a — m — ^ — . cos.*"~^a . sin.* a 



m m — 1 m — 2 m — 3 a,-.4 . . ^ 

5 s ni :i — • COS. a . sm.^a — &c. 

1 . ^ • o . 4< 



Thereiore, , or tan. ma 

COS. ma 



TO-i m m — 1 m — 2 . « m-s , o 

m sm. a . cos. a a — :j ^ ^— . sm.'a . cos. a + &c. 

m' m m^—X -,_• . - ft 

COS. a — -= ^ — . COS. a . sm. a + &c. 



. m m — 1 m — 2, - . o 
m tan. a — ^ g ^ tan.'a + &c. 



- m m — 1 . , , o 
1 — 5 5 — tan.'a + &c. 

by dividing numerator and denominator by cos."*a. 
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By these formulas^ for sin.ma^ and cos.ma^ we find 
the values of the sines and cosines of the multiple arc 
in terms of the powers of the sine and cosine of the 
simple arc; and the expression for the tangent ma is 
the tangent of the multiple arc in terms of the powers 
of the tangent of the simple arc. 

95. Since 

2cos.^ = (cos.-4 + V— 1 . sin.^ + (cos.^ — V — I , sin.-^, 
and 

2 V — l . sin.^ = (cos.-^ + V— 1 . sin.^ — (cos.^ — V — I . sin.^, 

and since cos.^ — V — X . sin.^ = ./ — =- — : — '\ 

cos.^ + V — 1 . sm.-^ 

.*. if cos.^ + V — 1 . sin.-4 = x^ 
then cos.^ — V —X , sin.^ = -; 

.*. 2 cos.^ = ip -f - , and 2 v — 1 . sin.^ = ^ . 

OS X 

And a?*"= (cos.a + V — 1 . sin.a)'"= cos. ma + V — X . sin. ma ; 

1 . . 

--.= (cos.a — V — 1 .sin.a)*"= cos.ma — V— 1 .sin.ma. 

Therefore, first by addition, and then by subtraction, 

af^ '\ — - = 2 cos. ma. 



ir"* 



a^ = 2V^ — 1 . sin.ma. 

of 



96. Hence we may find the powers of the cosines of 
the simple arc, in terms of the cosines of the multiple 
arc. 



V 
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For let 2 cos. A^a-^-i 

a; 



In 1 

.'. 2" cos,"^ = (a; + A s=a;" + naf-' + n .^^w"-* + &c. 

\ x/ 2 • 

. n-l I 11 

by collecting in pairs the terms which are equidistant 
from each end of the expansion^ 



n-l 



= 2cos.fia + 2».cos,n — 2a + 2» . ^ . cos.n — 4a4- &c. 



If n be an even number, the number of terms in the 
expanded binomial is n + 1, which is an odd number ; 

(n \*^ 
- + M term, 

which is the last term of the arranged expansion, will 
not contain a^ for it is of the form A .w^ x — ^^ = ^. 

ip2 



To find A. In general the (1 + r)"» coefficient of the 
binomial (a + 6)« = f^^^^3 . . . . n-^r+l ^^ 

„ th «.^^1 ^^^^....(«-| + l) 

1.^.3.4 ^ 

2 

».n— 1 n— ^ ^-4- A 



VALUE OF COS. **^. 97 

and first dividing each side of the equation by 2, 
we have, 



w-1 



^"^ eos."a=cos. w a -f 72. COS. «— 2a + w . — ^— . cos. w— 4a + &c. 



n 



n. n— 1 n— 2 . . . . ;x -f 1 - 

2 1 

H X 5. 

2 



Next, let (w) be odd; therefore «4-l, the number of 
terms, is even ; and there will be ■ pairs of terms in 

the expansion ; and therefore ^ ■ terms in the series 

containing the cosines of the multiple angles, and the last 

nn—l n—2, . . . (^n — f-l) . 

term will = = ( ^H — ). 

2 
n + 3 



WW— 1 n—2 . . . . 



1.4V. ci .... 



2 

. 2cos.^.* 



2 



* The middle tenn of the hinomial, when n is even, may be thus 
expressed. 



n 



nn — 1 n— 2. . . . 't( + 1 « ( n n— 1 n--2 . . . . - + 1 | 
1.2.3 ....? ^^•*" 



. . . . n I 



^, ^;J »n-ln,2....?+l | ^ 1.8.5 .... TT-I 

1^1.2.3 ^ J (§"'"0 w— 1 n 

; r 1 . 3 . 5 w~l ^ 



Next, 
H 



98 VALUE OF SIN. '*^. 

And again, dividing by (2), we have, 2""' (cos."a) 

n^l 

= cos,na + n . cos. w— 2a + n . cos.w— 4a + &c. 

n + 3 



n w — 1 w— 2. ... Q 
4- . ^ . COS. A, 

2 



Hence, 2 cos.^a = cos.^a -f 2 x i = cos.2a + 1. 
S*cos.*a = cos. 3 a + 3 cos.a . 



4.3 , 
= cos.4a + 4cos.2a + 3. 



2*cos.*a = cos.4a + 4cos.2a + 7-^ x g 



2*cos.®a = cos. 5 a + 5 cos. 3 a + 10 cos. -^. 

97. To find the powers of the sine of the simple 
angle, in terras of the sines or cosines of the multiple 
angle. 

2 V^^l . sin. A — x : 

X 

.\ 2HV^)\ {sin.A)*' = (^x^^y . 



Next, when n is odd. The coefficient of one of the middle terms 

n + S . / r — =■ n+3" 



nn- 1 n— 2 . . . . — ;r- n-i (»n— In— 2.... „ 



I 2 o n—l 12.4.6 .... n— 1 



" 2 



«+3 



"-^ I n « — 1 » — 2 .... — ^5 — X 1 . 3 . 5 . . . . n 

= 2 ^ . 

1.2.3 .... — -— X — ^ n-1 n 



n-l 

= 2 ^ 



(^ 1.8.5 ....n ^ 
S 1 . 2 . 3 w-H > 
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Now, the values of the powers of ( V^^) recur after 
the fourth. 



For t/-ll = - 1. 



t/:^!^ = iT-ll^ X V^- 1 = - t^- 1. 



V^\\'={V^Vf X (t/-l/=-lx-l = l. 



the last value reproduces V^— 1 ; also (t/— 1)**" = 

(i7zT)^«» = r = 1. 

Hence there are four cases, 
(n) may be even, and of one of the forms, 4fm or 4fm + 2 ; 



(w) may be odd, and of one of the forms, 4w+l or4wH-3. 

First, let {n) be odd, and therefore the number of 

(1\" 
X ^ -J will be 

negative, since the terms are alternately positive and 
negative. 

Then g" ( V'^r sin. ""A 



2\^— 1 {sin.wa — 731 . sin.w — 2 a + &c.} 



Let n be of the form 4w + 1 ; 



.-. (v/3i)^''»+i = v^-i|'" X t^^n"= t/^. 

Let n be of the form 4?w H- 3 ; 
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/. substituting, and then dividing both sides by 
ZV — 1, we have, 



w— 1 . 



±2""^ sin.^asssin.wa—w. sin. w—^a + w.—TT— .sin.w— 4a— &c. 

2 



Next, let n be even, and therefore w H- 1, the number of 



1 



n 



terms, odd ; then the last term of ^r will be positive, 

and 2«1/— ll". sin. "a. 



= 2{cos.na— "wcos. w— ^ a-\-n — ^ . cos.w— 4 a— &c.} 
Now, if n be of the form 4w, (1/31)**" = 1. 



n 4.m + 2, (V/^T)*^^ = \7^'" 

Hence, substituting and then dividing by 2, we have, 



w-1 



±2'*"^sin."a=cos.wa— 7icos.7i— ^a + n— ^— cos.Ti— 4 a— &c. 

The last terms may be determined in the same manner 
as the last term of cos. "a. 

Hence, — 2 sin.^a = cos. 2a — 1 ; 

.'. 2 sin.^a = 1 — cos. 2 a. 

— 2^sin.^a = sin. 3a — Ssin.a; 
.•. 2^sin.^a = 3 sin. a — sin. 3 a. 

2^sin.*a = cos.4a — 4cos.2a + 3. 

2* sin.* a = sin. 5a — 5 sin. 3a H- 10 sin. a. 
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98. Find the tangent of the sum of any angles in 
terms of the tangents of the simple angles. 

By multiplication, 

(cos. a -f V'— 1 sin. a) x (cos. 6 + V^— 1 sin. J) 
:cos.a. cos. J— sin. a . sin.6 + V — 1 (sin. a .cos.6 + sin.6.cos.a) 
:cos. (a + J) H- V— 1 sin. (a -f 6). 

For (6) put (6 + c). 
.'. COS. (aH-6H-c)H-V'— 1 sin. (a -f 6 -f c) 
= (cos. a 4- V— 1 sin. o) x (cos. h-^c '\- V — 1 sin.6 H-c) 
= (cos. a + V^— 1 sin. a) x (cos. 6 + V'— 1 sin. J) 
X (cos.c + V — 1 sin.c); 



since cos 



.6 + c 4- V— 1 sin. J+c = cos.6 + V— 1 sin.6 



X COS. c + t/— 1 sin.c. 



And then writing c + d for c, c? + ^ for c?, and so on, 
we shall evidently have, 

COS. (a-f6 + c + c?-f&c. to n terms) 

H- t/— 1 sin. (a + 6 + c + &c. to n terms) 

= (cos. a -}- V^— 1 sin. a) x (cos. 6 H- t^— 1 sin. 6) 

X (cos.c + t/— 1 sin.c) .... to w factors, 

= COS. a . COS. 6 . cos.c .... {1 + l/— 1 tan. a} 

(1 + V^^\ tan. 6) . (1 + V^^\ tan.c) &c. 

Let T\ = sum of the tangents. 

T2 = sum of the product of two and two. 
Tz = sum of the product of three and three. 
T^ = sum of the product of four and four. 
&c. &c. 
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/, (cos.a4-^-fc + dH-&c.) + V"— 1 . sm.{a-j-b + c + d+&c.) 

= COS. a . COS. b . COS. c . &c. 

{1 + v^^ . T1-T2- V^:r\ . r3+r4-f t/^ . Ts-fec.} 

by actual multiplication ; 

= COS. a . COS. h . COS. c , &c. { 1 — 7^2 -f ?4— &c.} 
+ 1/— 1 . COS. a . COS. 6 . cos.c . hc,{Ti—Ts+ Ts— &c. 

Hence, equating the impossible parts, and then the 
possible parts, 

sin. (a + 6 + c + d4-&c.) 
= cos.a . C0S.6 . cos.c . &c. {Ti— 73+ jTs— &c. } (1). 

and COS. {a + b-^c + d-j- &c.) 
= COS. a . COS. 6 . COS. c . &c. { 1 — 72 + 74— &c.} (2). 

Therefore, by division, 

* / _^;._i. ^j^si ^ Ti-'Ts+ T5-&c. , the ex- 
tan. {a + b + c + d + &c.) = i^y^^y^,^^ 

pression required. 

Cor. From the equations (1) and (2) we also have 
the values of the sine and cosine of the sum of any 
number of angles. 

Thus, to find sin. {a + b + c\ 

m . . T . sin. a sin. b . sin. c 

T\ = tan. a + tan.6 + tan.c = H 7 H . 

cos.a cos. 6 cos.c 

m , ^ 1 J. sin. a sin. b sin. c 

Ts = tan. a . tan. . tan. c = x 5 x . 

cos.a COS. 6 cos.c 

/• sin. {a'{'b + c) = cos. b . cos. c . sin. a + cos. a . cos. c . sin. 6 

+ cos. a • COS. b . sin. c + sin. a . sin. 6 . sin. c, 

and COS. (a + 6 + c) = cos. a . cos. J . cos. c — cos. a . sin. 6 . sin. c 

— cos. 6 . sin. a . sin. c — cos. c . sin. a . sin. 6. 
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99. By Art. 94, 



••ft wi— 1 2 . wm— Iw— 2?w— 3^ . o \ 
cos.»»a=cos."'a|l— wj — — tan.^a+ :j — ^ ^ j— tan.*a — &c. J 



sin.«ia=sin.**a|mtan.a— :j — ^ ^ tan.^a + &c.j 



Let ma = ;ir ; .*. w = - . 

a 

Therefore, 



«. fi XX— a tan.*a . xx—a,x—^a,x—Sa tan.*a ^ x 
cos.^=cos.«.a(l-.j-^ .-^ + l.g . 3 . 4 '^-^^] 

^ ( tan. a a?i2?— a.a?— 2a tan.^a , ^ \ 
^ a 1.2.3 (T J 

Now, if X be finite, a may have any value whatever, 

so long as the equation, tw = - can be satisfied ; and if 

a = 0, then, if ?» be infinite, x is still finite ; let, there- 
fore a = 0. 



Then 
tan. a 



a 



= 1 ; COS. a = cos, = 1; and .\ cos. **a = 1, 



whence cos. x = 1 - -j— ^ + ^ ^ ^^ g ^ — &c. 



x' x' 



two remarkable and important theorems, by which the 
sine and cosine are expressed in terms of the angle. 

It was shown in Art. 55, that the error by making 
sin. 1' = r was less than the cube of the minute ; now 
from the theorem for sin. Xy we find the error by excess 

to be = 5 — 5 \ 1 — J — r + &c. [ or less than gth part 

of the cube of the number which expresses the minute. 
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100. If iT be a very small quantity, we may obtain 
the following useful theorem. 

Sin.^ = i» — ^ — 5, very nearly 

="('-273) 

i 

.*. log. sin. X = log. X -^r -z log. cos. x, 

101. Since by algebra we know that when 

e = 2.71828 

^'=^+- + f + 2^ + 2:lT4+*'=-' 

/. writing xV —\ and —x V —\, successively for x\ 



V^_r^^-i/-T ^ o^V-X 



... .'V-. ^ i^,^_i _ I _ ^^.z^ ^ _^^ ^ ^, 



' = ^-'^^-^-2 + -2:3- +2:374-*^- 



.-. e'^-' + e-*^/-» = 2 { 1 - j^ + &c. } = 



2 COS. a; 



e«V-i _ e-'-^/^i = 2 l/3i j^; _ ^ + &c. | = 2 1/^ .sin.a:; 



.•. cos.a; ± V — 1 . sin.a; = e-^-J-'^. 

102. Again, writing nx for ^r, where w may be any 
number whatever. 



COSINE OF MULTIPLE ARC, 



105 



= (cos. a? ± V'— 1 . %\xi,xf ; 
which is another proof of De Moivre's formula. 

103. Find the cosine of the multiple angle in terms 
of the powers of the cosine of the simple angle. 

1 1 

If 2 cos. a = iT + - , 2 cos. w a = ir" + — , our object 

is to find cos.na in terms of the powers of cos. a, or of 

the powers oi (x -f ~ ) • 

\ X ^ 

Now (a? + i)"= af + ^ + « (ar»-* + ^,) + &c. ; 









1 








1 




X'' 


+ 


a?" 


^ 


X 


+ 


X 



X 



Similarly, 



X 



.»— 2 



1 

X 



"_„(^«-2+_^^)_&C. 

-^^^{a;»-*+-U} -&c. 



Hence, by substitution, we find that we may put 






» • l\»»-2 . 1\»»-* ^ 1\"~^ 

+X-+i) +<-+^) +^(-+^) +^^'^- 



^ + „ar»-=' + »^^ «"-* + " "~^ "g^ ^"' + &«=• 



-2 M-3 



+ 5{a:"-* + re-4a:"-« + &c.} 
+ C{a;»-«+ &c.} 



= a;»+(^ + «)a:»-'' + («^-gi + ^«-2 + 5)a;'-* 
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'nn—ln--2 . A.n—2n^3 



Equating coeflScients of like powers of £c, 
A -{• n = ; .\ A = — n. 



^~1 . y# 7% , -n f\ -n i rk w— 1) n — 8 

A.n'—2n^3 . nn—l n—2 



Therefore, 



_ w (w — 4) (w — 5) 
"■ 2 . 3 • 

/• substituting, and putting 2 cos. a for ^r H — 

X 

cos. w a = I { (2 cos. af" n {2 cos. a)»-2 + ;j _^(2 cos. a)""* 



— j — ^ g— {2 COS. a)«-^ — &c. } 

whence cos. 2a = 2 cos.*a — 1 ; 

COS. 3a = 4cos.^a— 3 cos. a; 
cos. 4a = 8cos.*a — Scos.^a -f 1 ; 
COS. 5a =16cos.*a —20 cos. 'a + 10 cos. a; 
&c. &c. 

CoR, The general term of the series for cos.wa is 

(1.) Let (^^) be even, then the last term, where 
71 = 2^, and therefore 7^ — wi = tw, is 
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J 2m m — l m^2 ., . . 2,1 ^ ^ ^ - 

^1.2.3 m— Iw ^ 

(2.) Let (w) be odd, then the last term, where 
n = 2m + 1$ and therefore w — tw — 1 = m, is 



. .nmm — im—2....2,^ . 

± 4 T—pz — s 4 (2 COS. a) = ± ncos.a. 

If, when {n) is even, we put n = 2m + 2, 
(n) is odd, . . . • » = 2m + 3, 

we shall find that the last terms but one are respectively 
± = — ^cos.^a, and ± t— ^^ ^^cos.'a. 



n" 



Therefore, when (w) is even, 
cos.;i©= J{(2cos.a)"— 71 (2cos.a)'*~2+ &c.}± =^^cos.^a + 1 

And, when in) is odd, 

2 1 

cos. w a = I { ^ COS. a|" — n (2 cos. a)**" ^ + &c.}± y-^ — ^ cos. *a 

± 71 cos. a. 

CoR. 2. These series may be written under another 
form, by reversing the order of the terms, the coeffi- 
cients being computed by the general expression ; thus, 
if n be even. 



cos 



1— = — 5C0s.^a + 1 o Q j^ cos.*a — &c.y 

and 71 odd, 

,/ 7i(w^— l)cos.'a w(7i^— l)(7^^--9)cos.^flf o \ 
.«a=±(«cos.a- j-^— 3 + 1.2.3.4.5 ^V 

The upper signs are to be used when 71 is of either of 
the forms 47» or 4;^ + 1, and the lower when of either 
of the forms 4 w -f 2 or 4m + 3. 
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104. To sum the series sin. a + sin. (a -f 6) + sin. {a + 2b) 

+ &c. + sin. (a + w — 1 6). This series is a recurring 
one, and might be summed by the methods given for 
the summation of such series ; but the following method 
is very simple. 

mce COS. i> — cos. ^ = 2 sm. — zz — sm. — ;= — ; 

2 2 ' 

/. cos. Ta— -^y — cos. Ta + ^j = ^sin.a . sin.-'; 

COS. Ta -f 5 ) "" cos.^a + -^j = 2 sin. (a + 6) sin. -; 

COS. (a-i- -g-J-^ COS. (a -f — ^=2sin.(a + 2J)sin.^; 

&c. &c. &c. 

COS. (a H ^ — 6 )— COS. (aH ^ — 6 )=2sm.(a + /i— 16)sin.- 

Whence, by addition, and making 
M = sin. a + sin. (a + 6) -f sin. (a + 2b) + &c. 
b\ / . 2w— 1\, ^,^ . b 



cos 



. (a — ^) — COS. (^a -f — ^— )6 = gM'.sin.g; 



or 2sin. \a H r^ 6 ) sm. — ^=^2M . sm.^; 



sin. (a + '^—^ b) sin. ( y) 



. 6 
sm. - 
2 



^ Try ^ 71 — 1 , nb 

CoR. lfc>=»a; aH 5— 6 = ^0; — = wa. 



sm.^na 



.*. sin.a + sin.3a -f sin. 5a + &c. sin.^w — 1 a = - 

sm.a 
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105. Similarly may be found the sum of 



COS. a + COS. (a + 6) + COS. (a -[- 2 6) -f &c. + COS. (a + n — 1) 6. 

For sin. (^ + s) ~ ^^^^ C^ "" ^/ ~ ^ ®^^' 9 ' ^^^' ^ ' ^^^ 
substituting a -{• by a + 2b, &c. for a, the sum 

(n-l)b\ . nb 
2 y-^'^-2 



/ (w — 1)0\ . no 
COS. (^a -f — ^-^J . sm. -^ 



sm.^ 

106. The following series may prove useful exercises. 

(1.) Tan. a + 2 taxi. 2a + 2* tan. 2' a to n terms 

= cot. a — 2" . cot. 2" a. 

(2.) - tan. 2 + ga tan. gi + gs tan. ^ + &c. 

1 a 

= ^ cot. ^ - cot. a. 

(3.) Cosec.a + cosec.^a + cosec.S^a -f &c. to n terms, 

= cot. z: — cot.^^'^a. 
2 

In the first series we must use the formula, 
tan. a = cot. o — 2 cot. 2a. 

XI T 1 a I a 

In the second, ^ tan. 0=9 ^^t. 5 — cot. a. 

In the third, cosec. a = cot. 5 -*- cot. a. 
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SPHERICAL TRIGONOMETRY. 



CHAPTER I. " 

1. A SPHERE is a solid bounded by a curve surface, 
every point of which is equidistant from a point within 
it, called the centre. 

2. The radius is a straight line drawn from the centre 
to any point in the circumference. Any straight line 
drawn from a point in the surface, through the centre, 
to meet the surface again, is called a diameter. 

All the radii of a sphere are equal, and the diameter 
is double of the radius. 



3. The sphere may be conceived to be generated by 
the revolution of a semicircle round its diameter ; and 
as all lines perpendicular to this diameter will neces- 
sarily describe circles, every section of the sphere made 
by a plane which is perpendicular to the diameter will 
be a circle ; and since we may assume the generating 
circle to be in any part of the sphere, we may conclude 
that every section of a sphere made by a plane is a 
circle. 

But the following is a direct and easy proof of the 
truth of this proposition. 

I 
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4. Every section of a sphere made by a plane is a 
circle. 

Let JMB be the 
section made bj the 
plane. the centre 
of the sphere. 

Draw OC perpen- 
dicular to the plane - 
AMB, meeting it in C; 
and from C draw any 
straight lines, CM, 
CN, CR, to poinU 
M, N, R, in the sec- 
tion AMB. Then, 
since in the triangles 

OCM, OCN, OCR ; OC is common, and each of the 
angles OCM, OCN, OCR, is a right angle; also the 
hypothenuses, OM, ON, OR, being radii of the sphere, 
are equal ; therefore CN, CM, and CR, are equal, and 
.-. (Euclid, Book III. Prop. 9.) AMB is a circle, of 
which the centre is C. 




5. If the cutting plane passed through 0, the radios 
of the circle would be the radius of the sphere ; such a 
circle is called a great circle, and it is obvious that all 
great circles are equal. 

If the plane does not pass through the centre of the 
sphere, the section is called a small circle. 



6. Hence, since great circles are sections made by 
planes passing through the centre of the sphere, the 
diameter will be the common intersection of two great 
circles ; these, therefore, bisect each other. 
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7. An arc of a great circle may always be drawn 
through two given points upon the surface of a sphere. 
For a plane can be made to pass through three points, 
and the centre of the sphere and the two given points 
furnish the requisite conditions for a plane to be 
drawn. 

8. The points P and ^, at which OC, produced both 
ways, meets the surface of the sphere, are called poles 
of the circle ANB, They are equi-distant from every 
point in the circumference of ANB, 

For, (first considering the point P,) since A C and CN 
are equal, and CP is common, and Z. PC A = Z. PCN, 
each being a right angle, therefore the chord AP=^ 
chord NP, and therefore arc PA = arc PN. 

And similarly pA=pNy and therefore every point 
in the circumference of ANB is equi-distant from 
P and p. 

It is also obvious that P and p are the poles of every 
circle made by planes which are parallel to ANB. 
Hence they are the poles of the great circle DFE. 

Cor. 1. Hence, since PF =^ PD, each being a quad- 
rant, the distance of every point of a great circle from 
its pole is a quadrant. 

CoR. 2. Hence, since each of the planes P 02), POF, 
is perpendicular to the plane DO F, the angles PDF, 
PFD, are right angles, and thence we may readily find 
the pole of any arc, as DF, by drawing from D and F 
two quadrantal arcs of great circles, each at right angles 
to DF, and the point P of their intersection will be the 
pole of Z) P. 

i2 
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9. A spherical triangle is a portion of the surface of 
a sphere contained by three arcs of three great circles, 
each of which is supposed to be less than a semicircle. 
The angles formed by the arcs are the angles of inclina- 
tion of the planes to each other. 

A spherical triangle is called quadrantal, if one sid6 
be a quadrant^ and equilateral^ isosceles and right- 
angled, in the same cases as in rectilinear triangles. 

10. In every spherical triangle, any side is less than 
the sum of the other two. 

ABC the spherical triangle. 

Take O the centre of the sphere. 

Draw the radii OA, OB, OC; 
then we may conceive that at O, 
there is fprmed a solid angle con- 
tained by the three plane angles 
AOC, A OB, COB, any two 
of which are greater than the 
third, and these are measured by 
the sides AB,AC, 5 C; hence 
any two sides of a spherical tri- 
angle are together greater than the remaining side. 




11. The sum of the three sides of a spherical triangle 
is less than the circumference of a great circle. 

For the solid angle at O is contained by plane angles, 
the sum of which is always less than four right angles. 
Hence the sum of their measures, which are the sides of 
the triangle, is always less than the circumference of a 
great circle. 

CoR. Hence it is obvious that the sum of the sides of 
a spherical polygon is less than the circumference of a 
great circle. 
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The Polar Triangle. 

12. Let ABC be a spheri- 
cal triangle. With points, A^ 
Bf C, as poles, describe the 
arcs EFf DF, DE, forming 
the triangle DEF. 

Then, 

(1.) Z), E, and F, shall be the poles of B C, A C, and 
AB respectively. 

For V A is the pole of JEJP, AE is a quadrant. 

And •.• C is the pole of 2) JE, JE C is a quadrant. 

Hence A and C are each a quadrant distant from E, 

.\ E is the pole of A C, 

Similarly, F is the pole of AB^ and D oi BG, 

(2.) The sides EF, FB, DE, are supplemental of 
the angles A^ B, C, 

Produce the sides AByAC, to meet EFinG and H. 

Then V AG and AH are each quadrants; GH is 
the measure of the angle A, 

Also V E is the pole of AC ] EH is Si quadrant, 
and similarly, FG is a. quadrant. 

.-. EF = TT - GH = TT - ^. 

In the same manner, 

I)F=7r - B, and BE = tt - C. 
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(3.) The sides BC, AC, AB, are supplemental of 
the angles 2), E^ F. 

For ^C=ilfC-ilf^= I -(Ml- J5/)= I -Jlf/+ I =7r-J»fI ; 

^•. MIf which measures D, =: ir — BC. 

And similarly, E =^ w -^ AC, and jF = ir — ^JB. 

Hence, 

If -^, ^, C, a, ^, c, represent the angles and sides oi ABC, 
and A„B^, C^,a^,b„c„ of DEF, 

we have the following equations : 

A =^ TT — a^, and ^^ = tt — a. 

B = TT — b^, „ B^ =i IT ^ b, 
C =: TT — C^, „ C^ = TT — C. 

These properties of the polar triangle will be found 
to be very useful in our succeeding investigations. 

13. The sum of all the angles of a spherical triangle 
is less than six, and greater than two, right angles. 

For A, B^ C, being the angles of the triangle, and 
a^, b^ c^, the sides of the corresponding polar triangle, 

^ + J? + C = Stt - (a, + i, + O ; 

.*. it is manifest that A + B + C is A Sw. 

But in every spherical triangle the sum of the sides 
is Z 2^. 

.-. «, + 6, + c^ is Z 2w. 
.-. ^ + J? + C is 7 TT. 

CoR. Hence, although the sum of the angles of a 
spherical triangle is not a definite quantity, yet it is con- 
tained between the limits of two and six right angles. 
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14. Let JBC be a risiit- 
angled trungle, C being the 
right angle. 

Prodace jiB to A and C^ 
to JE, making ^D and CE 
quadrants. 

Join ED hx the arc of a 
great circle, and prodace it to "^^ 
meet A C, produced, in jp. 

Then the triangle EBD is called, firom certain pro- 
perties, the complemental triangle. 

For V £C = 90, and £CjF is a right angle ; E is 
the pole of A CF. And /. £^ = EF = 90*. 

Also, AE and AD^ each being quadrants, A is the 
pole of EF\ and /. AF is a quadrant. Hence, Z)!*^ 
measures L A^ but JED is the complement of DF% 
/. ED is the complement of A. 

And -ff is measured by jFC, the complement of .Y T ; 
.'. complement of E ^= A C, 

And JBi) is the complement of AB, and EB of 7? C', 
which are the properties that give the name of the coiu- 
plemental triangle to EBD. EBD is right-anglod, 
for A being the pole of EF, ADE is a right angle. 

15. The inclination of two great circles is the angle 
made by their tangents at the point of their intersection. 
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For, let Pr and P^ 
be the tangents at the 
point P, where two 
great circles intersect. 
Then, since Pp is the 
intersection of their 
planes, and PT, Pt 
are both perpendicular 
to P0\ .-. L TPt 
measures the inclina- 
tion. 

Also, •.• OD is parallel to PT, and OF to Pt-, 
/. Z. -D OP, or the arc X)P, measures the inclination. 

16. To compare dfy an arc of a small circle made by 
a plane parallel to D OF, with DP, the corresponding 
arc of a great circle. 

Let be the centre of the small circle. 
Join od, of. 

Then df : DF :: od : OD : : sin.Pd : 1, 

or : : cos.Dd : 1. 

Cor. If the spherical figure represent the earth, and 
P and^ its poles, Dd will be the latitude of a place in 
the circle of which df is an arc ; and if the angle at P 
be one degree, 

Z)P is a degree of longitude at the equator, and 
df a degree in latitude Dd or I; it Dd := L 

Hence, length of a degree of longitude at equa- 
tor : length at latitude / : : 1 : cos. L 




CHAPTER II. 

INVESTIGATION OF FORMULAS FOR THE COSINE AND 
SINE OF THE ANGLES AND SIDES OF A SPHERICAL 
TRIANGLE. 

17. To find the cosine of the angle of a spherical 
triangle in terms of the cosines and sines of the sides. 

Let be the intersection 
of the three planes A OB, 
AOC.BOC. With centre 
O, and radius OA = r, 
describe three arcs, AB, 
BC, ACy forming the spheri- 
cal triangle ABC, 

From A draw AD, AE, tangents to AB and AC 
respectively, and terminated by 02), OE, drawn from 
O, through the other extremities B and C, oi AB and 
AC. Join DE. 

Let the Z* be -^, J5, C, and the sides opposite 
a, b, c, 

/. DE" = DA' + AE'—^DA . AE . cos.DAE (L) 

also ==i)(? + 0E'^2D0 . OE . cos.BOC. 

Whence 

\' LDAE=^A; ABOC=^BC=a; 

and as L^ DAO, EA O are right angles, and 

.-. OD" - AD" ^OA'^^OE?-- AE' ; 

/. AD . AE . cos.^ + O^ = OD . OE . cos. a. 

But^i)= O^.tan.c; 02) = 0^. sec.c = -^^^: 

cos.c 

substitute and divide by OA'. 
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COS. a 



/• tan. (J . tan. 6 . cos.-4 + 1 = 



/• cos.-^ = 



COS. b . cos. c ' 

COS.O — COS. J . cos.c 

sin. 6 . sin.c; 



By using a similar construction^ and by the same 
reasoning, we might find the cosines of the other 
angles ; but we may arrive at their values by mere 
substitution. 

Thus, putting B for A, h for a, and a for i ; 

COS. b — COS. a . cos. c 



cos.B = 



sm. a • sm. c 



J . -1 1 ^ COS. c — cos. a . COS. b 

and similarly, COS. C= ; : — = . 

"^ sm. a . sin. 6 

18. To find the cosines of the sides of a spherical 
triangle in terms of the sines and cosines of the angles. 

The demonstration of the preceding article being true 
for any triangle, holds true for the polar triangle. 

Let A^ B^ C^ be the L ', and a^ b^ c^ the sides of the 

polar triangle ; 

. COS.g^ — COS. 6^ . cos.c^ 

• • COS. ■^i- . "~~ • • • • 

' sm.o^ . sm.{?^ 

But ^^ = TT — • a, ^^ = IT— j5, (j^ = tt — C, a^ = tt — -4 ; 



/. cos.-^^= coB.(ir— a)= — cos.a ; siu.i^= sin.ir— ^ = sin.-B; 

- cos. A — COS. B . COS. C 



.'. — COS. a = 



.*. cos.a = 



sin.j? . sin.C 

COS. A + cos. B . cos. C 
sin.J5 . sin.C 



;-..,, , cos.B + cos.-^ . cos.C 

Similarly, cos. b = — -i — : — j^ 

•" sin. -4 . sm. C 

J cos.C -f- cos.-^ . cos.B 

and COS. c := ; := — -. — i5 

sm.^ . sin.j^ 
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19. To find the sine of the angle of a spherical tri- 
angle in terms of the sines of the sides. 

Since sin.*^ = 1 — cos.*^ = (1 — cos.^ . (1 + cos.-^; 

cos. a — cos. 6 . C08.C 



and 1 + cos.^ = 1 + 



6in.6 . sin.c; 



_ cos.a— (cos.^ . cos.{j— sin.J . sin.c) 

sin.2> . sin.o 

g . / a + b + c \ . y b + c-~a \ 
__ cos.a— cos.(J + (?) __ \ 2 /' \ 2 / 

sin. 6 . sin.c sin.^ . sin.c; 

. , - ^ ■■ cos. a — COS. b . COS. c 

Also. 1 — COS.^ = 1 ; 7 : 

Sin. 6 . sin.c; 

_^ cos.i . cos.c + sin.ft • sin.c — cos.a 
"~ sin. 6 • sin.c 

/. X 2sin.( — ^ — ).sin.( ^ — ) 

__ cos.(6— c) — cos.a \ 2 / \ 2 / 

sin,b . sin.c siu,b • sin.c 

Make b + a + c = 2« ; 

/. a + 6 — c = 2« — 2c = 2{s — c); 
a + c^b =z2{8^b). 

Whence 1 + cos ^ = ^^^"-^ ' s^"'(^-^) . 

sm.o . sin.c 

, - . 2sin.(« — i) . sin.(«-— c) 

and 1 — cos.^ = ^-^ — r — - — ^ 5 

sin. 6 . sm.c 

• 2j^ 4 { sin. 8 . sin. (s — a), sin.js ■— b) . sin. (^— c)} 
• • sin* ./jl "^ / • J • \o J 

[sm.b . sin.c)* 



.'. sin.^ = -; — i — ; — 1/ sin.^.sin.f* — a).sin.(* — i). sin. (*—(?.) 
8in.J.sin.c V \ / \ / \ / 
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20. Sin.JB may be deduced from sin.-^, by chang- 
ing ji into j5, a into 6, and b into a ; and similarly 
may we find sin. C ; but as it is plain that the part 
under the square root does not alter its value when 
these clmnges are made, we may write, if we put 

ibf = l/sin. 8 . sin.(« — a) . sin. (s — b) . sin. {s — c), 

. . 2M 

sm.-^ = — 



sm,B = - 



sin. b . sin. c ' 
2M 



sin. a . sin.c' 



. ^ 2M 

sm. C = -r 



sin. a . sin. 6 ' 



- TT sin.-^__ sin.o . sin.c __ sin.a^ 

«^ I • Jtience -r% ^— : » • ^^ —^^ » 5 

sm.x> sm.6 . sm.o sm.6 

, sin.^ sin. a . sin,b sin.g ^ 

sin. C "" sin. 6 . sin.c ~^ sin.c ' 

or the sines of the angles are proportional to the sines 
of the sides which subtend them. 



22. To find the sine of the side of a spherical triangle 
in terms of the angles. 

Using the polar triangle, we have 

2M. 



sin. -4. fi= - 



' sin. 6. . sin.c.' 



Whence sin. a = -: — ^5 — -, — 7=; 

since ^' = tt — a, and J^ = tt — -B. 

_ r I ^ ^ -- - _ ■ ■ ■ 

But M^ s= V sin.«^ . sin.(«^— aj . sin.(5^— ij . sin»(«^— <j^). 
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Make 25 = ^ -h 5 + (7. 



and 5^— o^=sJr_5f_^ + ^--E_ s ^ A \ 
•% sin. s^ = sin. (-^ — 5^ = — cos. S ; 

sin. (*^ — a) = sin. ^^ — S — A^ = cos. (5— A) ; 

.*. Jf^= V— cos.iS.cos.(iS— ^ .cos.(5— if). cos.(5— C) ; 

_^ 2 V^ — cos.«S . COS. {S—A) . COS. (*S— i^) . cos. (6^— C) 
• • sm. cb — 7. y-* • 

sin. 2j . sm. C 

and from this expression may sin. b and sin. c be 
deduced. 

23. The product of the factors under the sign of the 
square root appears to be a negative quantity; but 
it is not so. 

For since the sum of the angles of a spherical triangle 
is greater than two right angles, but less than six, S is 
always greater than 90**, and less than 270** ; and there- 
fore cos. S is negative. 

Also, since in every spherical triangle, and therefore 
in the polar triangle, any two sides are greater than the 
third side, 

.-. a, + J, 7 c, ; 

i.e. TT — -4 + 7r — if77r— (7, or^+5— CZ.7r; 

.•. ^ , or 5 - C, is Z. - ; 

and .*. cos. (*S— C) is positive. 

Hence the product of the factors is a positive 
quantity. 
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24. If in Art 16 we make a = J, 

ffiv > COS. a — COS. a . cos. c 

Ihen cos.^ = : : , 

sin. a . sin. c 

J -n cos. a — COS. a . cos.c 

and cos. XI = -. ; ; 

sin. a . sin. c 

.*. cos.-^ = cos.^; •*. A = B; 

or the angles of isosceles triangles are also equal. 

25. Also, in Art. 17. If we make A ^ B\ 

^n cos. A + cos. A . COS. C 

then COS. a = : — ^ — : — 7= , 

sm.A . sm. C 

COS. A + cos.^ . COS. C 

* 

sin. -^. sin. C ' 
.'. COS. a = COS. b, and a = J. 

Hence, if two angles of a spherical triangle be equal, 
the sides which subtend the equal angles are also 
equal. 



and COS. b = 



26. To prove that 

(a— J' 
— J — cot.— . 

2 / /a-f-6\ 2 






/a — o\ 
(2.) Tan. (-^) = ^ , • cot. ^ . 



a— J' 



. cos. o — COS. b . COS. c 

•.• COS. -4 = ; = ; , 

sm. . sin. c 
J ^ COS. c — cos. o . COS. b 

and COS. C = : : ; : 

sm. a . sin. b 
.'. cos.c = COS. a . COS. J + sin. a . sin. 6 . cos. C; 
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^ cos.li — cos.a.cos.*^/— sin.a. sin.ft.cos.&.cos. C 

.*. 006.^ = : 1 : 

sm.r/. sm.c 

_ cos.a.n — oos-'ft"^ — sin. a. sin. ^. COS. 6. cos.C 

sin. b . sin. c 

COS. a . sin.6— an.a .eos.ft. cos.C 

8in.c ' 

. n cos.6.sin.<7 — sin. 6. cos. a . COS. C 
/. also. COS.B = : ; 

sin. c 

sm. c 

C 

. , ,v /, x^x 2 sin. (a + 6) . sin.* - 

_ 8in.(g4-ft)-(l — COS.C) _ ^ ^ :? , 

sin. c sin. c 

r^ ^ ' J . sin.C 1 • x> • r sin.C 

But sm.^ = sin.a . -; , and sin.jD = sin.o . ; 

sm.c sm.c 

/. sin. A + sin. B = (sin. a + sin. 6) . . ; 

^ ' sin. c 

sin. A + sin.-B _ (sin.a 4- sin. ft) . sin. C 

COS.A + COS.£ £% ' / n T\ • 9 ^ 

2sin.(a + o) . sm." 3 

^ . /a4-ft\ /fl—^X a ' (^ C 

.A + B^ ^sin.(— ). cos.(^).2sm.g.cos.^ 

or tan. (-g-; = ^ . .a + 6x 7^rT^~TC~ 



4 . sm. {^—2^) • COS. V^— ^ ) • sm." ^ 



a^b' 






COS.t —.V # >|^ 



a + 6\ 2 

cos ' 



. cot. ^. (1.) 



. J sin. ^ — sin. B (sin. a — si n, ft) sin . C ^ 

And r~i 5 ^^ " — "~n' » 

cos.ii + cos.2> ^ . / , ,x „:„«1' 

28in.(a -f 6). sm.'Tj 



128 SPHERICAL TRIGONOMETRY. 

a— 6\ /a-f-^>\ ^ . C C 



or tan 



• sm. (^— g- y • COS. y—^^) . sm.^^ 



sm 






a + 6\ 2 

sin ' 



27. To prove that 



. cot. ^ . (2.) 



COS. 



(l.)Tan.(-^): ^_-_ tan.^. 

COS. {-^-) 



A-B 






(2.) Tan. («-g-) = ^^^^^ • tan. \ . 



sm.. g 



Using the polar triangle, the sides and angles of 
which are denoted by a^ b^ c^, A^ B^ C^, we have from 
the preceding article, 



T».(4iA) ^ 



=■»• (^) C 



cos 



a — i 



. cot. -7^' . 



But^=?Il=^)=.-(«-±^); 
.•.tan.(4^) = -tan.(^); 



/a,— b,\ /7r—A—ir—B\ /B—A\ /A—B\ 

cos.(^g^)=cos.( 2 ^=cos.(-g-)=cos.(-g-;; 

cos.(^g-')=cos.(,r g— ; = - COS. (^— g— ^ . 



mapier's analogies. 1^ 



Cot. -^ = cot. (j-^^ = tan.| . 

Whence, making the proper substitutions, and chang- 
ing the signs on both sides, 



COS . (-^-) 



Tan.(^) ^^^.tan.|. (3.) 



And after a similar manner may we prove, that 



A-B 

sm. ' 



Tan.(^*) = — — j|^.tan.|. (4.) 

sin. (-^-) 

The four formulas marked (1), (^), (3), (4), are called 
Napier's Analogies ; the former two are used when two 
sides, and the angle included by them, are given ; the 
latter two, when two sides, and the angle opposite the 
third side, are given, the third side being required. 



CHAPTER III. 



SOLUTION OF SPHERICAL TRIANGLES. 

28. In a spherical triangle there are six parts, the 
three angles, and the three sides ; and, from the pre- 
ceding chapter, we may infer that, if three of these 
quantities be given, the rest may be found. 

For, since 

. cos.a — COS. b . cos. c © cos.^ + cos. B . cos. C 

COS,A = : 7 i , OC COS.a = ; 5 : 7^ 

J , sin.^ sin. a 
and also, -; — ^ = -: — r ; 
sm.ij sin.6 

it is obvious that any one of the parts of the triangle 
is dependent upon three others, and these three being 
given, the fourth may be found. 



Might-angled Spherical Triangles. 

29* We shall begin with right-angled spherical tri- 
angles, and suppose C to be the right-angle. 

We may, from the elementary 
formulas, obtain the solution of the 
triangle, when two of the quantities, 
a, b, Cy A, By are given ; but, in 
practice, other rules are used, which q 
we now proceed to give. 

These rules were invented by Napier, and are termed 
"Napier's Rules for the Circular Parts ;" they are easily 
remembered, and readily applied. 
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He called the two sides {a), (6), the complement of 
the hypothenuse, or 90 — (? ; and the complements of 
the two angles, or 90 —A and 90—5, circular parts; 
then, any one of these being termed a middle part, 
the two nearest, one on each side, are named adjacent 
parts, and the other two, extreme parts. Then the 
rules are these : — 

(1.) Sine of middle part = product of the tangents of 
the adjacent parts. 

(2.) Sine of middle part = product of the cosines of 
the extreme parts. 

Thus, let {a) be the middle part; .*. 90—5 and (p) 
are the adjacent, and 90 — c and 90 — -^^ are the 
extreme parts. 

.*. sin. a = tan. (90 — J5) . tan. 6 = cot.5 . tan. 6 ; 
and sin. a = cos.(90 — c) . cos.(90 — ^ = sin.o . sin.^. 

Again, let (90 — J5) be a middle part ; then a and 

90 — (J are the adjacent, and (90—^) and b the extreme 

parts ; 

/. sin.(90 —5) =^tan.a . tan.(90 — c) ; 

.*• cos.5 = tan. a . cot.c, 

and sin.(90 —B) = cos.(90 —A) . cos.6 ; 
/. C0S.J5 = sin, A . cos. 6. 



Now, let (90 — c) be the middle part ; then 90 —^ 

and 90—5 are the adjacent parts, and u and b the 
extreme parts. 



.-. sin. 90 -c = tan.(90 -^ . tan.90 -5 ; 
.*• cos. c = cot.^ . cot.5 ; 



and sin. 90 — c = cos. a . cos. b ; 
.% COS. c = COS. a . cos. b, 

K 2 
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We may also obtain four other formulas, two for 
sin. 6, and two for cos.-^, by first making (6) and then 
90 —A the middle parts ; but they are of the same 
form as those deduced for sin. a and cos.B, and the 
investigation is therefore needless. 

30. We proceed to show the truth of these rules. 

(1.) Since C = 90; 

^ /v cos. c — COS. a . cos. b 
.•. COS. C = = — 



sin. a . sin, 6 * 
.*. COS. 6 = cos. a . cos. 6. (1.) 



Also, 



cos. C + cos.^ . cos,^ 

cos. C = ; :i ; =5 

sm.^ . sm.^ 

cos.^.cos.^ ^ . _ ,^^ 

= "= — J — = — D = cot. A . cotB: (2.) 

/. sin. (90 — c) = cos. a . cos. ft, 
and sin.(90 — (?) = tan.(90 -^J) . tan.(90 —5). 

/n\ A • -n COS. b — cos. tt . COS. 

(».) Agam, cos.^ = — 



sm. a . sin.o 

COS. 



T» ^ , COS. c Tt COS. a 

But COS. b = ; .*. cos.B = 



— COS. a . cos.c 



COS. a sm.a . sm.c 

cos.c.ri — cos.'a) COS. c. sin. a , , ,^ . 

== air. ^ \r. ^ — = — = ~= == cot. (J . tan. a. (3.) 

sin.fl . cos.a . sm.c sm. c . cos. a ^ ' 

. , , cos.5+cos.^.cos.C J ^ ^ . ^ ^ 
Andcos.6 = . . , ^ , andcos.C = 0; sm.C=l; 

cos.B ^ 

.\ cos.o = '^^^^-j'^ •*• cos.^ = COS.& . sin,^. (4.) 

.-. sin.(90— J5) = tan.(90 — (?) . tan. a; 
and sin.(90— 5) = cos.^> . cos.(90— ^). 
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/OS A ^ ' sin.A . sin. 6 

(o,) And sm. a = ; — 75 . 

^ ^ sin.xj 

But, from (4.) sin.^ = — ^ ; 

cos* 1/ 

cos.-B . sin. 6 i. t> ^ » /cr \ 

.*. sin. a = - — js i = cot.i/ . tan.t>. (5.) 

4 T . sin.^ . sin.c • ^ • //» \ 

And sin. a = : — 7; = sin.^ . sin.c. (o.) 



31. We shall now repeat these formulas, for the 
purpose of reference. 

(1.) Cos. = COS. a . COS. 6. 

(2.) Cos. c = cot.^ . cot.5. 

(3.) Cos.-B = cot. c . tan. a, 

(4.) C0S.5 = COS. 6 . sin.-^. 

(5.) Sin. a = cot.j^ . tan. 6. 

(6.) Sin. a = sin.^ . sin. 0. 

Hence we also have, by substitution, 

(7.) Cos.A = cot. c . tan.^. 

(8.) Cos.^ = cos. a . sin.J5. 

(9.) Sin. 6 = cot.^ . tan.a. 

(10.) Sin. b = sin.5 . sin. c, 

32. It will be easily understood that, in the solutions 
of the triangles given by Napier's rules, cases of ambi- 
guity will occur. These may happen whenever the 
required values are to be determined through the 
means of the sines of the arcs or angles. 

Now, referring to Art. 31, it will be seen that, if 
A and a are given, c, B, and b, are, by the formulas 
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(6), (8), (9), to be computed from their sines ; whence 
an ambiguity will arise, since we have no means of 
knowing whether an arc or its supplement is to be 
taken. 

Again, if A and {c) be given, and {a) be required, we 
have, by formula (6), 

sin. a = sin.-^^ . sin.(?; 

and it would appear, at first sight, that there was an 

ambiguity similar to that which we have just mentioned, 

but the doubt is removed by reference to (9), whence we 

have 

tan. a = sin. h . tan.-^. 

For, since sin.ft is always positive, and since the 
tangent is positive or negative according as the arc is 
less or greater than 90**, tan. a will be positive or 
negative according as ta.n,A is positive or negative, or 
{a) will be less or greater than 90** according as A is less 
or greater than 90**. 

If {a) and {c) be given to find A, we must reason in 
the same manner. 

33. These ten formulas are suiEcient to solve all 
cases of right-angled spherical triangles. For, as there 
are five quantities, a, b, c, A, and B^ and these are 
taken three and three together, the number of different 
combinations which can arise does not exceed ten. 

34. We may solve, by the same rules, the triangle 
in which one side is a quadrant ; for the polar triangle 
will have the corresponding angle a right angle, and 
the sides and angles of the polar triangle being found, 
the angles and sides of the proposed triangle may also 
be found. 




SOLUTION OF SPHERICAL TRIANGLES. 135 

35. The following are examples of the solution of 
right-angled spherical triangles. 

Ex. 1. Given Z. A, b, to find 
(c), (a), and Z B. 

Let (90—^) be the middle part; 
•'. b and 90 — c are the adjacent 
parts. A^" Jf 

.•. sin.(90— ^) = tan. 6 . tan.(90 — c); 

,% cos.^ = tan. b . cot. c ; 

— cos.^ 
tan. 6 

•'. log. cot. (J = log. cos.^ — log. tan. 6 + 10, 

whence (c). 

Again, sin. 6 = tan. a . tan. (90 — A) = tan. a . cot.-^; 

.•. tan. a = sin. 6 . tan.^ ; 
.*. log. tan. a = log. sin. & -f log.tan.^ — 10, 

whence (a). 

Again, 90 — JB being the middle part, b and 90 — A 
are the extreme parts ; 



.'. sin.(90— ^ = cos. 6 . cos. 90 — A; 

.'. cos.B = cos.^ . sin.^ ; 

,\ log.cos,J5 = log. COS. & + log.sin.^ — 10, 

whence B. 

Ex. 2, Given a, c ; find b, A, B. 

sin. 90 — c = cos. a . cos.^ ; /. cos.c = cos. a . cos.^ ; 
/. log. COS. & = log. cos. c 4-10 — log. COS. a. 

Again, sin.(90 — B) = tan. a . tan.(90 — c) ; 
.'• cos.-B = tan. a . cot. c ; 
.'. log. cos.^ = log, tan. a -f log. cot, (? — 10. 
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ei* • A Sin. a 

bmce sin.^ = -: — ; 

sm.o 

/. log.sin.^ = log. sin. a — log. sin. o -t- 10 ; 

and by Art. 32, there is no ambiguity in this case, 

oblique-angled Spherical Triangles. 

36. The solution of oblique-angled spherical triangles 
may be included in six cases* 

Case (1 .) Given the three sides, find the three angles. 
By reference to Art. 16, we find that 

. cos. a — COS. 6 . cos.c 

COS.^ = : ; ; . 

sm.6 . sin.c 

This formula is, however, not adapted to logarithmic 
computation. 

cos. 6 . cos.c + sin. 6 . sin.c — cos. a 



But 1 — cos.-^ = 



sin. 6 . sin. (7 



cos.(^ — c) — COS. a ^ 

"~ sin. 6 . sin.c ' 

^ . ^A 2 sin. (5 — ^) . sin,(5 — c) .^ v 

or, gsm.^TT = ^^-^ — r — '- — ^ - (!•) 

' 2 sin. 6 . sin.o ^ ^ 

Therefore, 

Ac "I 

log. sin. — = 10+i (log. sin.(* - fr)+log sin.(5 - c) - log. sin. h - log. sin. c |; 

, . . COS. a — cos.(6 + c) 

and 1 + cos.^ = ; — 7 — P^ ; 

sin.6 . sm.o 

... eos.'|= ^'"-'-fM^-"\ (2.) 
% sin.6 . sm.o ^ 

/. dividing (1) by (2), and extracting the root, 

A A /sin.Cs -— b) . sin. (5 — c) ,0 \ 

t^n. TT = 1/ ; ; — 7 V- - . (O.) 

2 y sm. 5 . sin.(* — a) 
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Formula (3) is the most convenient, if all the angles 
be required, and all are adapted for logarithmic tables. 

Case (2.) Given the three angles, find the three sides. 
Hence, by the formula of Art. 17, we have, 

cos. A 4- COS. B . COS. C 

COS. (a — " • n 'm y^ • 

sm. zj . sm, C 
and bj' adding unity we may obtain, as in the preceding 

case, a formula for cos. - . 



p a ^ ^ / cos. (S — B). COS. {S — C) 
' 2 '^ y sin. B. sin. C 

Or, making cos. = cos. B . cos. C, whence may be 
found, we have, 

># . /I ^ COS. ^ . COS. — 5 — 

cos.^ + COS.0 2 2 

cos, a = 



sin.j5.sin. C sin.j5.sin. C 

This is a case which seldom occurs. 

Case (3.) Given two sides and the included angle, 
find the remaining angles and side. 

Let a, b, and C be the given parts of the triangle. 

Then, from Napier'^s Analogies, we have, 

a — 6 



tan. (-^-) = . cot. ^ ; 

cos.(-g-; 

. /a — 6\ 
tan.(-g-) = , ^^6 . cot. g ; 



'•(-2-; 



sin., g 



whence — ^ — and — ^ — being computed, ^ and B 
may be found. 
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A-ii^/?j/\ 1 • sin.-^ . sin. a 

And to nnd (c) we nave, sin.c = ; ^ . 

^ ^ sin.-^ 

We may, however, find (c) independently, by means 
of a subsidiary angle. 

For, COS. c = COS. a , cos. b + sin. b . sin. a . cos. C 

(C \ 
^cos.*- — 1^ 

C 

= COS. (a + 6) + ^sin. a . sin. 6 . cos.* ^ 

/ , r\\ 2sin.a . sin. 6 . cos.* tz \ 
= cos.(a + 6)^ , ^ >. 

V'^ COS. (a + 6) J 

C 

2 sin. a . sin. 6 . cos.* 3 

Let tan.* = -, — — rr ; 

COS. {a 4- b) 

.•. cos.c = COS. (a + b){l + tan.*0} = — '^ a/> > 

^ ^ ^ COS.* 6 

log. COS. c = log. COS. (a + 6) + 20 —- 2 log. cos. ; 

(C\ 
1— 2sin.*-^ 

C 

= COS. (a—b) — 2 sin. a . sin. 6 . sin.* - 

i2 sin. a . sin. b . sin.* - 
1 7 In 
COS. {a—b) 

= COS. {a—b) { 1 — sin.^0 } 

= cos. {a—b) . COS.* ; 

/. log. cos.c = log. COS. {a—b) + 2 {log. cos. 6 — 10} ; 

where d is to be found from the equation, 

C 

2 sin. a . sin. 6 . sin.* ^ 

sin.* = 7 Tv . 

COS. {a — 0) 
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Or (c) may be thus found. 
V COS. c = COS. a . COS. 6 + sin. a . sin. 6 . cos. C; 

and that cos. C = 2 cos.^ 77 — 1 ; 

C 

.*. cos.c=cos.a. COS.6— sin.a . sin.t + 2sin.a . sin.t. cos.*- 

2 

C 

= COS. {a •\'h) +2 sin. a . sin. b . cos.* x ; 

C 
.*. 1 — COS. c = 1 — cos. (a + 6) — 2sin. a . sin. J . cos.* ^ ; 

or, sm.*- = sin.* \—q-) — sm. a . sin. . cos.* ^ . 

C 

Let sin. a . sin.ft , cos.* -p: = sin.* d ; 

.*. sin.'' - = sm.^ — ^ sin.*0 

= sin. (i±* + 0) . sin. (^ - 0) . Art. 44. 

And Q may be found from 

sin. = COS. 77 Vsin. a . sin. 6- 

Case (4.) Given two angles, and a side opposite the 
other angle ; find the remaining angle and sides. 

Let A^ B, and c, be given, and C, a, b, required. 
Then, from Napier's Analogies, (3) and (4), 

, , COS. ( — t; — I 

COS. (-g- ) 



■ A-B - 



, sin. ( — s — ) 
tan. ( — o~ ) == y . T> tan. :; . 
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We may find ^ and , and therefore have, 

And C may be found from sin. C = sin.c .-^ — ; 

sm. a 

or it may be computed from the formula, 

COS. C = COS. c . sin.^ . sin.j^ — cos.-^ . cos. 5. 



Case (5.) Given two sides, and an angle opposite one 
of them ; find the remaining side and angles. 

Let the given sides and angle be a, b, A, 

-r. sin. 6. sin. ^ . _ 

/, sin.jcj = ; , whence x/. 

sm. a 

To find (c). 

Cos. a = COS. b . cos. c + sin. b . sin. c . cos. A 

, ( sin. 6 . cos.^ . 1 

= COS. b \ COS. c H 7 . sm. c x . 

I cos. b J 

Let cot. % = tan. b . cos. A ; 
/• cos. a = cos. b \ COS* c + cot. . sin. c } 

COS. b { sin. . cos. c + cos. . sin. c } 
~" sin. 



_ COS.& > sin. + c 
"^ sin. 

And being first computed, (0 + c) may be found ; 

and therefore (c), and then sin. C = sin.c . -t— ^ — may 

sm. Ot 

be found. 
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But C may be found independently of the value 
of {c). 

^^ cos, A + C0S.5 . cos.C 

ior COS. a = : — n — : — 7^ ; 

sm.-D . sin.C 

/. COS. a . sin.^ . sin.C = cos.-^ + cos.jB . cos.C 

^ . „ sin.-^ . sin. 6 
But, sm.ij = : , 

and cos.B = sin.-^ . sin. C . cos. b — cos.^ . cos. C ; 
Therefore, cot. a . sin. 6 . sin.^ . sin.C 
= COS. A + cos.C(sin,^ . sin.C . cos. 6 — cos.^ . cos.C) 
= COS. A . sin.^C + sin.-^ . sin.C . cos.C . cos. 6. 

Divide each side by sin.-^ . sin.C; 
.'. cot. a . sin. 6 = cot.-^ . sin.C + cos.C . cos. J 

= cot.^ { sin. C + COS. C . cos. b . tan.-^} . 

Let tan.0 = tan.^ . cos. 6 ; 

.*. cot. a . sin. 6 = cot.-^{ sin.C + tan.0 . cos.C} 



— cot.^ . sin.(C + 0) 
cos.O 

_ COS. b . sin.(C + 0) 

. ,^ . ^, sin.e. tan.6 

.-. sm.(C + 0) = ;: ; 

tan. a 

whence C + may be found, when is computed. 

Case (6.) Given two angles and a side opposite to one 
of them ; find the remaining sides and angle. 

Let A, By and (a), be the given quantities. 
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Then, sin. J = . * . . sin. a, whence (t) may be found ; 

and (c) may be found when (b) is known, as in the pre- 
ceding case, or independently, thus : 

sin. b . sin.c . cos.^ = cos. a — cos. 6 . coa.c. 

Tk , ' , sin.-B . sin. a 

But sin.o = : -z — , 

sin. A 

and cos. 6 = sin. a . sin.c . cos.J? + cos. a . cos.o ; 

Therefore, sin.B . sin. a . sin.c . cot.-^ 
= cos. a — cos. c( sin. a . sin.c . cos.5 + cos. a . cos.c} 
== COS. a . sin.*<? — cos.c . sin. a . sin.c . cos,B. 

Dividing by sin. a . sin.c; 
.*. sin.5 . cot, A = cot. a . sin. c — cos. c . cos. 5 

= cot. a { sin. c — cos. c . cos.B . tan. a \ 

Let COS. B . tan. a = tan. ^ ; 

.-. sm.B . cot A = ^°t.a{sin.(g-»)} ^ cos.B .sm.jc-^) 

COS.0 sm.0 

.*. sin. (c — 0) = sin. ^ - — '—j , whence c. 

• ^ 

And C may be found from sin.C = . . sin.c, or 
•^ sm. a 

in terms of A, B, and (o), from the equation, 

COS. A 5= sin.^ . sin.C . cos. a — cos.B . cos.C 
= cos.-B{tan.^ . cos. a . sin.c — cos.C}. 

Make taxi.B • cos. a = cot. ; 

. pfsin.(C— 0)) 

.'. cos.^ = cos.^ { ^i — 7i — - } ; 

I sm. ) 
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/. sin.rC— 0) = sin.0 . 'p . 
^ ' cos.^ 

37. The six cases here solved will be found to con- 
tain all that can occur in the solution of spherical 
triangles. The examples which illustrate them are 
chiefly to be found in the Treatises on Plane Astro- 
nomy, and in the Accounts of Trigonometrical Surveys ; 
and to these the reader must be referred. In perusing 
the descriptions of Trigonometrical Surveys, he will 
find that, although for small distances the earth may 
be considered to be a plane, and therefore the rules of 
the first portion of this Treatise are sufiicient to give 
him the object of his inquiry, the spherical form of the 
earth cannot be neglected, when the magnitude of the 
operation exceeds certain limits, and then he will recog- 
nise the utility of the formulas, the truth of which has 
just been established. 



CHAPTER IV. 

AREA OP LUNE. AREA OF SPHERICAL TRIANGLE, IN 
TERMS OF THE ANGLES AND OF THE SIDES. 




38. Definition. The 
spherical surface, ^CjBiNL^, 
included between two semi- 
circles, ACB, ANB, is 
called a lune. 

39. Proposition. The 
area of the lune is propor- 
tional to the angle CAN. 



For if CNy or angle CAN^ increase, the area of 
the lune increases ; and whatever multiple of CN be 
taken, the same multiple will the increased lune be of 
the lune CANB, Hence the lune is measured by 
CN. But, if CN become the whole circumference, the 
lune becomes the spherical surface. 

And, therefore, 
lune : spherical surface {S) : : CN : circumference, 

:: LCAN: 2ir. 

Let L CAN = 0, (0 being expressed in parts of the 
radius unity.) 





/. lune = S . 



2 



IT 
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But 5 = 4«t', (for so it is found to be, r being 
radiu5). 

/. lune = r».. 28, or oc 28. 

Example. The angle of a lune being 30^, find the 
surface. 

Here, 20 : 3.14159 : : 60 : 180 : : 1 : 3; 
... gg^3Jm^^ 1.04719; 

.-. area = r» (1.04719). 

40. To find the area of a spherical triangle, in terms 
of its angles. 

Let ABC be the spherical 
triangle, and let the sides be pro- 
duced till thej meet. 

In the figure, B C and A C are 
supposed to meet upon the other 
side of the sphere at c; and a 
triangle {abc) is formed, which 
we shall show to be equal to ABC, a>-^ -^^b 

For Aa, and Bb, each being semicircles, /. AB^=ab; 
and V Aa = Cao, /. AC = ac; and V Bb = Cbc, 
/. BC ^= be; and the angle at C = Z. at c, and the 
remaining angles are equal; .•. the AABC =i A abc. 

Let area of A AB C = j;, AACb= Q, 
. AJBCa = P, A Cab :== /?. 

Then, by the preceding proposition, ABC being the 
angles of the triangle, 

X + P = 2r' A, 
X + Q = 2r' B, 
X -{- R=:2r' C; 

.-. 2a; + (oj + P + Q + 72) = 2i^ (// + J? + C> 

L 
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But j; + P+ Q4-i2 = hemisphere = gir^-* ; 
.-. x^r'iJ + J? +C-7r). 

Cor. 1. Hence, if r = 1, the area = v4 + J? + C — tt; 
••. area a ^° + i5^+ C°- 180^ 

Cor. 2. Hence the area of a spherical triangle is 
proportional to the excess of tlie sum of its angles 
above two right angles. This is commonly called the 
spherical excess. 

Ex. Let A = 90% B = 80% C = 70" ; find the area of 
the triangle. 

180» 



Here^4-J?4-C-180'^ = 240'*-180^ = 60« 
.\ area = r«?^^J^ = r^ (1.04719). 



3 



» 




41. Hence we may find the area of a spherical 
polygon of (w) sides. 

For, by drawing arcs from a 
given point. A, to ' the angles of the B| 
figure, the polygon may be divided 
into (/» — 2) triangles; and as the 
area of each triangle is equal to 
r* {sum of its angles — tt}, there- 
fore the area of the polygon, which is the same 
as the sum of the areas of the triangles, will equal 
r*{ sum of all the angles of the triangles — (w — ^)7r}. 

But the sum of all the angles of these triangles 
= sum of all the angles of the figure 

= S {A), S {A) expressing the sum of all the angles ; 
/. surface of spherical polygon = r* {s {A) — n — 27r} • 
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42. To find an expression for the spherical excess in 
terms of two sides and the included angle. 

Let a, b be the sides, and C the included angle ; and 
let 5 = ^4-5-^0'- 180. 

a ah 

To prove that cot.-r^ = cot. 5 • cot. ^ + cos. C 



sin. C 
For cot, 3 = cot. I ^ — 90^ =— tan. (^ ^ ) 

tan. (^ —2") "•■ **"• 2 
l-tan.(^ ^ ^»tan.- 

But tan, (-^-) = — ji^ • cot.-^ ; 



cos. 



.*, cot. :r = 



^ COS. (^ -^^ • cot. ^ + COS. ^-^^ . tan. ^ 



a ^/ C C\ . a . h / C . C\ 

cos.g . COS. ^. V^cot. g +tan. -^-f-sin. ^. sm. ^.(^cot. ^ —tan. ^^ 



%sin. ^ . sin. ^ 
^ a .6 1 , COS. C 

= cot. 7^ . cot. - . -; 7; H : 7^ 

2 {^ sin. C sm. C 

cot.T^ . cot. -^ -f- COS. G 



sin. 6* 
the expression required.. 



l2 
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43. To find the surface of a spherical triangle in 
terms of the sides. 

We have just seen that 

a b r^ 

^ cot. ^ . cot. ^ 4- cos. C 

COt. "Ti ~"~ ^ ^ 

2 sm. C 

_ _ ^ cos. c — cos. a . cos. h 

Now, COS. C = ; ; x . 

sin.a.sin.6 

And cot. -pi . cot. - 

^ -fit -. „ 6 

^COS.*^ ^cos.^7: 1 . 1 , , 

^ ^ l+cos.a 1+cos.o 

X 



r, ' o. a ^ . h h sm.a sin.6 

2 sin. -pi . COS. t; » sin. t; . COS. jz 

2 2 2 ^ 

^ a , 6 . ^ 1 + COS. a 4- COS. 6 4- COS. c 

.*. cot. p, . cot. 7i + COS. G ^ : ; — = . 

2 2 sin.a.sin.6 

And 

in. C = -: : — 7 1/ sin. (s) . sin.(«— a) . sin. («— 6) . sin. («—<?) ; 

sin.a.sin.6 V ^^ ^ ^ ^ '^ \ /^ 



sin 



8 1 + COS. a + COS. b -h cos. c 

.*. cot. ^ = 



2 2 l/sin. («) . sin. {s—a) . sin. (« — b) . sin. (*— c) 

an expression for the surface in terms of the sides, but 
which is not adapted to logarithmic computation. 

44. Next, to find an expression for the area of a 
spherical triangle, which shall be adapted to logarithmic 
computation. 

Resuming the formula 

a b v~ 

^ cot. Tc . cot. - + cos. C 
S 2 2 ^ 

coi. ^ —• • /^ 5 

2 sm. C 
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/. 1 + cot' TT = 



2 . .S 

2 



sm.'-rr 



cot.'g . cot.* g 4- 2cos. • cot. Q . cot.^ + 1 

T>„. o^^, /-» , « .6 cos. c— cos. a. cos. 6 
JKut ^cos. C . cot. ^ . cot. 5 = J-— 

^ sm.'' ^ . sm. ^ 
sin.'-4-sin.'^— sm.'- 

^ 1^ A ^ » 

2sin.* ;r-. sm.^Ti 



Since 



cos.c— cos.a . COS. 6 = 1—2 sin.' | — ^l—g sin.'|) . ^1— 2sin.'^) . 

, 1— sm.'^ 1— sin.'^ 

Also,cot.'| + cot.'| + 1 = ^ . j^ + 1 

sm.'^ sm.'^ 

1— sm.'77 — sm," — 
2 2 

= r^ + ^5 

sm.'-^ .sm.'^ 
. 1— sin.'Ti COS.' 71 

rr 1 2 2 



m • 



. 



sm.'^T sm.'TT . sin.'-. sm.'C sm. ^r . sm. 77. sin.'C 
2 2 2 2 2 

a , b . ^ 
^ sm. - . sm. ^ . sm. C 

.*. sin. - = 

2 c 

COS.- 
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_, vs\n,{s) . sin.(g— g) . sin.(y — b) . sin.(g — c) 

a h c 

» COS. ;: . COS. - , cos. 7= 

the formula required. 

45. Also, since cos. - = cot. - . sin. 7: 

2 2 2 

S 1 -f cos. a -f COS. b + cos. c 

cos. r: = V 

2 , a b c 

4 COS. 5 . COS. ^ . cos. ^ 

C0S.2~ -f COS.'- + ^^^- ^ ~ * 

^ a 6 c ' 

»COS. 5 . COS. 5 . COS. 3 
^/? A • • 1 "" cos.^ , -^ 

46. Again, since ^>„^^ = tan. ^ ; 

g 1 - COS. - 

therefore, tan. -j = ^^ — 

Sin. ^ 

1 2^ 2^ 2^ . £1 ^ ^ ^ 

1 — C0S.'7r — COS. rr — COS."*- -f gcOS. ;^ . COS. 7: . COS. - 

2 2 2_ g ^ ^ 

V sin. * . sin. (« — a) . sin. (« — 6) . sin. {s — c) 

But the numerator may be put under the form 

(l— COS.^1^) . ^l-.COS.'^)^(cOS.|. cos.-— COS. |) 

/ . a . b\' / o b cV 

=^ (^sin. g . sin. ^J — ^cos. ^ . cos. g — cos. ^^ 

f . a . b a b c\ / . a . b a b c\ 

: y^sin. >.sin. ^4- cos r . cos.^ — cos.^j.f sui. ^^ sin.^ — cos.^. co8.^+cos.-y 

/ a — 6 c\ / a+b . c\ 
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■s-b 
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. . /s — b\. /* — a\ . J s\ , /s—c\ 
= 4 sin. (^-^)sm.{-^) sin. {^) siu. {-^) ; 

• « 4 /. ^ 
111. ^ |/ tan. - 



whence, since 



. a 
l/sin.a 




»cos. - 



S A / s 8 — a 

.*• tan. - = r/ tan. ^ . tan. ^ . tan. 



1/^ 



• tan. 



2 



2 • 



This formula is due to Simon Lhuillier. 



47. We proceed to give tlie investigation of certain 
theorems highly important in Geodetic operations, 
when a large extent of country is to be surveyed. The 
details are to be found in the article Trigonometry, in 
the Encyclopaedia Metropolitana, in the Philosophical 
Transactions of the Royal Society, and also in the last 
edition of the Trigonometry of the late Professor 
Woodhouse. 

48. Given two sides, and the included angle of a 
spherical triangle, to find the angle contained by the 
chords. 

C 
Let «, j3, y be the chords of CA^ 

CB, and AB. 

Let G be the included angle, and 
Qy by c, the sides of the triangle, and 
the angle required. 

Now COS. c = cos. a . cos. b -f sin. a . sin. b . cos. C ; 

or, 1 - gsin.^l = (l-2.sin.^ |) . (l-^sin.^ |) 

. . . rt . 6 a b 

-f Isin. - . sin. ^ . cos. - . cos. - . cos. C. 




13:2 
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But y = 2sin. -, a = gsin.rj, and /3 = 2sin. 3; 



. —7 _ 



o*^ + —^ + a/3. COS. g. COS. ^. COS. C; 



= sm. - . sm. - + COS. - . cos. 7; . cos. C, 
2 2 2 2 



49. Formula for the reduction of an oblique angle to 
the horizon* 

Let A and B be the sum- 
mits of two stations seen 
from O. 

Let Z be the zenith, sup- 
pose two arcs ZBD^ ZAC^ 
to be drawn through Z and 
By Z and A, to the horizon ; 
then the jL AOB is the 
oblique, and the L DOC, 
or AZBy is the horizontal 
angle. 

Let AB ^ Cy AC = H, 
BD = A, ZA = a, ZB = h. 

Then, in A AZB we have given, <?, a, and 6, to find 




Then v cos. AZB = 



cos.c^- cos.« . cos. 6 
sin. a . sin. 6 



. 'AZB smJs — a) . sin.(« — b) 

. • 0111 • y-^ ^^ . • . • 

>^ sm.a • sm.b 



"whence the angle may be found. 



OF THE OBLIQUE ANGLE. 153 

50. When H and h are small, and Z. AZB does not 
differ much from AOB^ to find the formula for the 
reduction. 

Let AZB = c -f- a? ; 

, . . cos.(? — sin.jy . sin.A 

/. COS.fc + ar) = Yr 1 • 

^ cos.H . COS. A 

But cos.jy = 1 — — , and cos. A = 1 — -- nearly ; 

also, for sin.fl" and sin. A, we may put J^and A; 

and COS. {c -{- a:) = cos.c . cos.^ — sin.^p . sin.c 

== cos.c — iP . sin.c? nearly ; 

cos. — Hh 



therefore, cos.c — a . sin.c = 



J _ jy« + A^ 



2 

= (cos.c — Hh) . A H — ^ nearly ; 

. __ Hh COS. (J H' + h' 
sm.c sm.o 2 

Let ^ + A = /?, H^ h^q; 

.\ 4fHh = p' - 5', and 2{H' + A^) = i?' + ?' ; 

.-. a; = i/ p'-g'-(p'-fg^).cos.c \ 
* \ sin. c / 

, C „ 1 — cos.c „ 1 4- cos.<?) 

= (|).tan.|-(|y.cot.|; 

which is the difference between the oblique and hori- 
zontal angle. 
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This theorem is due to Legendre, who makes use of 
it in the solution of the following problem. 

" Given two sides of a spherical triangle, each nearly 
equal to 90*^, to find the difference between the third 
side and the included angle." 

For since H and h are very small, a and b are each 
nearly = 90 ; and therefore, the Z. AZB is nearly 
measured by AB^ and may be assumed = (? + ;r, where 
w is very small. 

51. Solution of spherical triangles, the sides of which 
are very small in comparison with the radius of the 
sphere. 

Let (r) be the radius of the sphere. 

Then, if a similar triangle be described upon a sphere 

of which the radius is unity, the sides of this triangle 

.,, , a h c 
will be -, -, -. 
r r r 

a h c 

cos. cos. - . cos. - 

. r r r 
,\ cos, A = V . 

. . c 

sm.- . sm.- 

r r 

But COS.- = 1 - _ + _-^ nearly ; 

. . h h b' . 

and sm. - = /t-i nearly ; 

wl^ence, by substitution, the numerator becomes 

2r^ **" 24r* 4r* ' 

and the denominator becomes 
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.-. COS.^ = ^jT h 3TT -3 . 

*-Zbc 24fbc . r 

Let A^ be the angle opposite the side (a), in the recti- 
lineal triangle of which the sides are a, b, c. 

I hen, cos.-4^ = pci ; 

* ' 2bc ' 

and 
46» . c' . sin.'^, = 2a'. 6* + 2a» . c» + 26» . c»-(a* 4- 6* 4- <?*) ; 

/. cos.-^ = cos.^^ — ^-, . sin.*^ . 

Let A^A^-^-W'^ /. cos.-^ = cos.-^^ — x sin.-^^ nearly ; 
. J _ be . sin.'^^ ^ __ fcg . sin.^^ 

But be . sin.-4^ = 2 . area of the rectilineal triangle, 
the sides of which are a, b^ Cf and which does not 
sensibly differ from that of the spherical triangle ; 



• • m7 "■" 



area 



3?^ ' 
A 4 A area 

.-. ^^ = ^ — iT = ^ — gj^. 

And similarly, 

5, = 5-HL^ and C,= C-^; 

.-. ^, + 5, + C, = 180 = ^ + 5 + C - ~; 

avpfl. 
/. — ^ = ^ + J5 + C — 180 = £, the spherical excess ; 

whence we obtain this rule V 
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In a spherical triangle whose sides are but* little 
curved, if each of the angles be diminished by one-third 
of the spherical excess, and these angles be considered 
the angles of a plane triangle, the sides being the same 
as before, the solution of the plane triangle will give a 
sufficiently accurate result. 

Cor. Hence, since a plane may be considered to be a 
portion of a sphere, with an infinitely large radius, we 
may by making r infinite, find the cosine of the angle of 
a plane triangle. 



CHAPTER V. 

REGULAR POLYHEDRONS. SOLIDITY OF PARALLELO- 

PIPEDON. 

52. To find the number of equal and regular poly- 
gons which can be described upon the surface of a 
sphere, so as exactly to cover it. 

Let {N) be the number of faces, 

{n) be the number of sides in each, 

(w?) be the number of angles at one point. 

Now, area of polygon = the sum of the angles— (w— 2) tt; 

/. sum of the angles = area of polygon 4- (w— 2) t. 

T. /. 1 surface of sphere 47r , 
But area of polygon = n^~^ ~ "a7 » ^"® 

radius being considered unity ; 

4'7r 
,*. sum of angles = — + (w— 2) tt; 

r. each angle =^-h^^^::^; 

.*. all the angles at one point = — ^r^ + ^ ^ = 2 tt ; 

whence we immediately find 

4m 



iV = 



g« — (w — 2)m' 



And we must now inquire what integer values of 
(w) and {tyi) will give {N) also an integer value. 
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(1.) Let 71 = 3, or let the polygons be equilateral 
spherical triangles. 

Then N = 7; ; and, since m cannot be less than (3), 

itm = 3, iV^= 4; 

77^ = 4, iV = 8 ; 
m=^ 5, N==20. 

But, if 7» =6, N= 00 ; and, if (m) be greater than 6, 
the values of N become negative. 

Hence the surface of a sphere may be covered 
with four, eight, or twenty, spherical and equilateral 
triangles. 

(2.) Let w = 4, when N = 5 — 77— = -: . 

Then, ifm = 3, iV'=6; 

but, if 7W = 4, iV^ = 00 ; and, if m be Z. 4, iVT is 
negative ; 

/. the number of equal four-sided spherical figures 
that will cover a sphere is six. 

(3.) Let n = 5. Then, N = ttt^^ . 

If m = 3,iNr=j^^= 1^; 

wi = 4, or any greater number, N is negative. 

Hence the surface of a sphere may be covered by 
twelve pentagonal spherical polygons. 

By substituting higher powers of {n) we shall find 
that the values of iV, whatever may be (tw), will become 
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negative ; but we may show d priori that {n) must be 
less than six. 

For V 2» — (n — 2)m must have a positive sign ; 
.'. ^ must always 7 m ; 

/. 7 3, (3) being the least value of m ; 

/. 271 7 3» — 6; 

.*. 6 7 w, or (w) must be Z. 6. 

Hence, there can be only three regular spherical 
polygons which can be so combined as to cover a 
sphere. 

CoR. 1. If chords be drawn subtending the arcs of 
these spherical polygons, regular solid figures will be 
formed, having equal plane faces ; these solids are called 
regular solids, 

CoR. 2. Hence we may have regular solids, having 
either equilateral triangles, or squares, or equilateral 
pentagons, for their faces, 

CoR. 3. And hence we may form a solid of triangles. 

(1.) Having 4 triangular faces, which is the Tetrahedron. 

(2.) .... 8 . Octahedron. 

(3.) ... 20 Icosahedron. 

The first has three, the second four, and the third five 
angles at each solid angle. 

We may also form a solid of squares ; in which case 
we shall have a figure of six plane faces, and three 
angles at each solid angle ; such a figure is the Cube, or 
Hexahedron, And, lastly, we may form a solid with 
twelve pentagonal faces, and three angles at each solid 
angle ; this solid, which makes the fifth regular solid, is 
called the Dodecahedron. 
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53, From what has preceded it will appear, that a 
sphere may be described about any regular solid, and 
that the centre of the sphere must lie in the line which 
is drawn perpendicular to any one of the plane faces, 
through the centre of the face ; and Iience that the 
centre will be the intersection of two such perpendi- 
culars to two adjacent faces. 

54. In any Polyhedron the number of solid angles, 
together with the number of plane faces, exceeds by two 
the number of edges. 

Let N = number of solid angles ; 
£ = number of edges. 

But sum of all the angles = nN = mA; 

, . Nn 
.'. j1 — . 

7)1 

But, by Art. 52, we have 



{n-2).N+V 



. _nN _ (w-2).iV^+4 _ nN 
. •'• "^ " m " 2 - 2 "^^"^'^' 

.\ A + N^"^ +2. 

But (Nn) is the number of edges before the polygons 

are joined together ; and as two edges of the separated 

Nn 
polygons make but one edge of the solid ; .*. —^ = the 

number of edges of the solid = £ ; 

,\ J + N=E + 2. 

55. To find the inclination of two adjacent faces of 
a regular polyhedron to each other. (Legendre's Geo- 
metry.) 



».'•*<» 




I 
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Let ^B be the ajcamoa 

edge of two «^yirpnr Cmcl 

C and £ die c a i tns of the 
&ces. Draw CO, ITO, -L to j. 
the faceSf and i&eecinz in O : 
and CD, £B, _' to ^B, 
the intezscctkn of die planes 

.-. Z. CDE k dae an^ 
of inclination required. 

Join OD, and with centre > 

O and radios = imirr, de- ^ 

scribe a ^heneal sorCKe, meeting OC, O^, OZ>, 
respectirelj, in 9, p, and r. 

Let a = mzmber of sdes in each face: 
m =: ^ane sok^es in each solid an^. 

Then, in the spheneal trian^ ^P'"* ^^ ^ 9rP ^ ^ 
right ai^^, die fides fp, pr, qr, measore rcfpectiTeij 
die ai^;les COj£f AOV^ VOC-^ and since the nomber 
of equal an^es round 'q, is the same as the mrnibfr 
round C, and that pqr =^ lACD% 

and V a x ACB^ or 2« .ACD, s=2x; 
.'. A€SVf or pf r 3= - . 

And V the mnDber of an^es which form the solid 
ai^^ at^is 'si^^acd that Cvi bisects one of the an^es; 

.-. 2si X ^prs^^*-; /• Ji>^==£- 

Bat, bj Xafier^s RjJcs, 

eos.^jsrr ss eot^^r x ikn.fqr^ 
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or, sin,( —5— ) = 



sin 



56. It is evident that OA and OC are the radii of 
the circumscribing and inscribed spheres. 

Let OJ = E, and OC = r. 

Now, cos.^g' = cot. qpr x cot.^g^r; 

or, cos. C OA = TT— i = cot. — . cot. - ; 

OA m n 

,% — = tan.— . tan.-. (1.) 

Make AD s= a ; .-. AB = 2a. 

Then, 2a:=x2CA. sin.- ; .-. OA == ^ 



sin.- 
n 



a» 



And 0^=OC'+C^; .•.ii» = r* + -^^— . (2.) 



sin.*- 



And by means of equations (1) and (2) may It and r 
be determined. 



67. If the angle CDE (= O) be given, and also 
AB = g«, 

we have, tan. CD O = ^^ ; /. r = (72) . tan. ^ . 

But (72) = ^2). cot.-; 

n 

.% r = o . cot. - . tan. ^ ; 



THE REGULAR POLYHEDRONS. 163 

i? = r . tan. - . tan. - = a , tan. - . tan. — . 

n m m 2 

68. Hence to find the solid contents of the regular 
polyhedrons. 

For they may be divided into as many pyramids as 
there are faces^ having a common vertex at O ; and as 
the content of each pyramid is equal to the product of 
the area of its base into the third of its altitude, there- 
fore the content of the polyhedron = the number of 
faces X by the content of each pyramid. 

Now, 

TT 

area of face = w x AACB = n . AD • CD = na^cot. - , 

71 

IT O 

altitude = CO = r = acot.~ . tan. 25; 

n /O 

.'. content of pyramid = -3- (^cot. 3) tan.-^; 

/. polyhedron = — 5 — f cot.-^ tan.^; 
where N = number of faces. 

59. We can now find the value of — , r, JB, and 
solidity in the different solids. 

(1.) In the tetrahedron, m = 3, w = 3, and iV= 4; 

TT ^^ TT . cos.60 1 ^v 1 

— = bO = -; sm. 2i= -: — ?7\=— 7=; cos. c7==o; 
m n' 2 sm.60 l/B' 3' 

tan. Ti = —7^ ; cot. - = —7= ; tan. - = 1/3 • 
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(2.) In the cube, ?w = 3, « = 4, iV=6; 

TT ^^ IT .^ . C COS.60 _1 

.: f=45, andC = 90; 

tan. 7; = 1 ; cot. - = 1 ; tan. - = \/S; 
2 n m ' 

/. r = a, It = a VS ; solidity = 8 a'. 
(3.) In the octahedron, i» = 4, w = 3, iV=:8; 

!:=45;!^ = 60;sm.f=^-^=l/f; 
w ' w ' ^ sin.60 K 3 * 

.'. COS. C/ = — - . 

Hence the angles of inclination of the tetrahedron 
and octahedron are supplemental angles. 

And tan. - = V2; cot.^ = p^; tan.^ = 1 ; 
/. r = a 1/ Q > M=i a V2 ; solidity = 5 — • 

(4.) In the dodecahedron, m = 3, w = 5, iV= 12; 

^ i^/\ T ^^^ . C cos.60 V^ 

w '72 ' J^ sin.36 1/5 _ v^5 » 

tan.- = — ^=====; cot.- = > '^ tan.— = I/3 ; 

« 
a I + V5 J, 1/6 



solidity = So" . ^ . . ^ . 

•' 1/6 -VlO 
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(5.) In the icosahedron, m = 5, n = 3, ^ = 20 ; 

1 +V5 



T _ qfi . E-an. sin - - ''"^•^^ 
7n n 2 sm.oO 



2V^ ' 



.*. COS. C = — 



t/5 



3 

C I +V5 

tan, — = , y — ^_ 

2 VQ-2V5 



■=■ » 



^ TT 1 .IT V 10 ^2X^5 . 
cot. - = 7-7= ; tan. - = ■— — ; 

n Vs ^ 1 + 1/5 



1+1/5 V/7 + 3 1/5 

Vls^eVo 1/6 



i2 = 



solidity = 



a 






= 51/10 + 2^/5; 



10o» 1/^ + I/TO _ lOa^ 
3 1/3_vT "^ ^ 



V^14 + 6V5 



60. Given the three edges of a parallelopipedon^ 
and the angles which they form together ; find the 
solidity. 

O, the point at 
which the edges 
meet. OA, one 
of the edges. OB, 
OC9 the direction 
of the other two. 

Let OA = a, 
an d le t (^) {c) be the 
other two edges. 

Draw AD JJ to the base. Join OD, and with 
centre O, and radius unity, describe a spherical surface, 
cutting OJ, OB, OGy OD, in a, &, c, «/. 
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Let L AOB^a, L AOC^^, L BOC^y. ^ 

Then, 
solidity = area of base x ^2) = 6c .sin. yxfl. sin. -^0Z>. 

But, from the right-angled spherical triangles, 

sin.ae^ =s sin.ad x sin.a&e^, 
or sin.^ OD = sin./3 . sin.aJc. 

Tj . .- + + 7 ac+a6 + ^c 
But, if « = 1 ^ = ^ , 

sin.aftc = -: — 75 — ; — V'sin.W .sin. (5— a) . sin.(5— j3). sin.(«— 7); 
sin.p,sin.7 ^' ^ ' \ r-/ \ #/» 

.'. solidity ss abc . sin. 7 . sin.jS . sin. (a ft c) 
s= 2abc V^sin.(«) . sin.(*— a) . («— /3) . sin. (5— 7). 

61. The same things being given, to find the dia- 
gonal of a parallelopipedon. 

Referring to the same figure, let OD represent the 
diagonal of the base ; but then the angle (adb) will not 
be a right angle. 

Let D ==s diagonal required, 8 = OD, and (6) the 
angle between OA and OZ) ; 

/. i)' = a' + 8=* + 2 a8 . COS. 0. 

But 8^ s= c' + 6' + 2^(5 . C0S.7 ; 

.% i>» = a» + 6» + 0' + 26c . C0S.7 + 2aS.cos,9. 

Now, from the A abd; \' ad measures ; 
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COS.0 s= cos.bd . cos.ab +sin.6c2. sin.ab . cos.abd 

- , . - ,cos.3 — COS. o. COS. y 

= cos.6a. cos.a + siD.Oa — -, - 

sin.y 
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cos, a (sin, y . cos, bd — sin, b d . cos. 7) 

~ sin. y 

cos. a . sin.cd 4- cos.jS . sin.^d 

sin.y sin.y. 



But, if the annexed figure 
represent the base, we evi- I 



rtSin.bd 

4- cos.i3 — : 

'^ sm.y 



dently see that 



B 




sin. erf sin. DOC 
—. , or 



sin.DOO 



sm.y 



sin. BOG' sm.OCD S' 



, sin.6rf ___ sin. J5 02) _ sin.jBOZ) __ c 
~m^ ■" sin.J50C ~ sin. OBD " 8' 

/• 2Sa . cos.fl = 2ab . cos.a + 2ac . cos.jS ; 

/. jD® = a*4- b^+ c^+ 2ab . cos. a + 2ac • cos./3 + 2bc , cos. 7, 
the expression required. 



THE END. 
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